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PREFACE * ... 

• Jc «. J-- V 

This volume has been prepared to supply a book of reason¬ 
able length on School Geometry, and to comply with the 
recommendations issued in the Report of the Assistant 
Masters' Association. 

It has been founded on tin; authors' Geometry for Schools, 
but the subject-matter has been entirely rearranged by 
one of the authors, the more difficult parts being omitted, 
and new matter, together with new sets of examples, 
introduced. 

The Report on the Teaching of Geometry in Schools by 
a small committee of the Mathematical Association was, 
issued when the MSS. of this volume was practically 
completed. In agreement with one of their contemporaries, 
the authors are of the opinion that " many teachers are 
seriously bewildered by this Report ” ; amongst other 
things they do not consider that an axiom of similarity 
is preferable to one of parallels', the general train of reasoning 
involved being very difheirtt, nor would they entirely 
exclude the method of superposition ; as Prof. H. F. Baker 
says, " Is not the test of equal length, for schoolboys at 
least, the possibility of the superposition of the same 
measuring rod " ? * , 

The first portion of the volume deals with the Funda¬ 
mental Concepts qf Volume, Surface, Dimensions, I-ines, 
Points, with-illustrations from the construction of Solids. 

This is followe4 by a section on Horizontal and Vertical 
Lines, first ideas on Parallels, and Angles. 

The measurement of straight lines and angles is then 
given with sinjple Constructions without proof. The student 
is thus in the position to draw diagrams to scale and work 
out simple problems on Heights and Distances. 
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At this stage, for*convenience, various axioms and 
definitions <jre collected togetheS followed by a gitjup of 
important Geometrical Facts on Angles at a point, Parallel 
Lines and Playfair's Axiom, Congruence of Triangles,— 
these facts being established by intuition and experiment. 

A few easy logical proofs are then given on the Angles of 
a Triangle and Polygon, and also on the Isosceles Triangle. 
There follow sections on Symmetry, Similarity and tile 
Diagonal Scale, and simple Constructions with proofs. 

After this point has been reached the propositions are 
arranged in groups, and, as occasion arises, further Con¬ 
structions are given. 

This final pat t contains sections on Inequalities, Parallelo¬ 
grams, Loci (examples first being worked out by plotting ’ 
points satisfying given conditions), Areas of Triangles and 
Parallelograms, Pythagoras (with examples on solid figures), 
Circle, Formulae, Extension of Pythagoras, Ratio and 
Proportion. 

The Sets of Examples are in most cases arranged with 
numerical and construction questions at the beginning. 
It is most important for the student to realise that some¬ 
thing more than a diagram and the answer are necessary 
in a question on construction ; the method of drawing the 
figure should be briefly but clearly stated, it is otherwise 
frequently quite impossible for a teacher or examiner to 
follow the details of the figurei 

In the proofs of the propositions, references are given 
in words and not by the numbers of previous theorems. 

The authors wish to express their thanks to Mr. C. 
Newton, formerly of Cheltenham College, who has worked 
through all the examples, and it is hojicd that very few 
errors have escaped detection. 

Thanks are also due to the University of Cambridge 
Local Examinations Syndicate, the Oxford and Cambridge 
Schools Examination Board, and H.M. Stationery Office, 
for permission to include questions from various examination 
papers. 
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GEOMETRICAL SOI.IOS, SURFACES, ETC. 


1. Solids. Objects such as a brick, ruler, golf ball, the 
glass of a tumbler, etc., are usually called Solids. 

In Geometry the word Solid is used in a different sense, 
and means the portion of space occupied by these bodies. We 
speak of the portions of space occupied by such things as the 
air in a pneumatic tyre, a flame, the water in a tumbler, etc., 
as Solids. 

Solids all have a certain Volume (or Size), Shape and 
Position. 

2. The Volume (or Size) of a Solid is of great practical 
importance, and must be carefully distinguished 
from its shape. 

The volume of a body may be measured by 
the rise- of water in a graduated tiask, as in 
Fig. 1; if the water is at A td begin with, it will 
rise to some point such as»B when a solid is 
immersed, and from the difference of these two 
graduations the volume may be read off. 

Students would do well to test the volumes of 
several solids of various shapes, such as pieces 
of granulated zinc, marbles, short pieces of 
copper wire, etc.; in this way they will l^am 
the different between Volume and Shape. 

• 

3. No solids can be accurately drawn on a flat sheet of 
paper. If a thin piece of string, a foot or so long, is stretched 
due East and West, and another similar piece stretched a 
few inches affove it due North and South, a fairly good 
representation of either piece of string can be drawn on a 

B.8.G. a 
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•flpt sheet of paper; but^hey cannot be drawn both together. 
If the string is very thin, either piece approaches towards 
something which is no longer a soM and can very nearly be 
drawn, but tlicstwo strings together are such th#t nobody 
can clraw them with any approach or pretence to accuracy; 
the artist can give an optical representation of th#m, using 
the artifice known as perspective, The two* together are 
said to constitute a figure in three dimensions, even'though 
each string represents only ofle dimension. • 

4, The question will be asked wliat is a dimension ? 
Without attempting a full answer, the following may be 
useful. 

If it is wished to mark some point on an edge of a table, it 
is necessary to mention only one measurement, viz. the 
distance from one end of that edge; one measurement only is 
needed because the edge is of one dimension. 

If, however, it is wished to mark spine point on the surface 
of the table, two measurements must lie given, c.g. the 
Shortest distance of the mark fiom two adjacent edges ; two 
measurements are necessary because the surface of the table 
is of two dimensions. 

If, further, it is wished to suspend some small object at a 
point in the space above the table, then in addition to two 
sucii measurements as the last, a third would be required, 
viz. the height above the table; three measurements are 
necessary because the space Above the table is of tiiree 
dimensions. 

5. Surfaces. If we consider the outside of a closed 
wooden box, there are certain regions where the wood leaves 
off and tlie air begins ; these fogions are called Surfaces; 
they have no thickness or material existence ; the surface 
is not wood, f6r the thinnest shaving 6f wood has some 
thickness and is a solid ; neither is the surface air. 

In the same way, considering the page df a book,'there is 
a region where the paper leaves off and the air begins ; the 
region is a surface and is neither paper nor air ; and again 
we must carefully distinguish between the geometrical solid, 
though its thickness is very small, and the surface. 
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6. Surfaces like these are called Plane Surfaces, but there 
are others besides ; a ball»4he curved part of a, pencil and 
the lyorm gf a cork-screw are all bounded, by surfajes, 
but they are different from the others and are called Curved 
Surfaces. »It should be noticed that every solid is bounded 
by one or mortf surfaces. 

Plane •and curved sin faces can be distinguished by 
applying to tjie smface the straight edge of a ruler; if 
it lies entirely in contact with the surface in every position, 
the surface is plane. 

7. The correctness of the straight edge of a ruler can be 
tested thus: 

Take any two points on paper and rule a line joining them, 
placing the ruler on one side of the points; then 
turn the ruler round and again rule the line, the ruler 
being on the other side of the points . for correctness, the 
two ruled lines must he absolutely the same. 

8. Lines. A side and the top of a box meet in what is 
commonly called an edge ; in Geometry we call this, a line. 

The curved surface of a round ruler meets the flat end in a 
line ; but this is a different kind of line from the first; it is 
called a curved Hue, whereas the first is called a straight line. 

Wherever two surfaces meet there is a line, sometimes 
straight, sometimes curved. ' 

It should be observed that we cannot accurately draw a 
line either with a nib or pencil, since, however finely they 
are used, that which is drawn will always have a certain 
amount of breadth. 

A line has no breadth and n p thickness. 

9. Points. Consider the case of a hox again, and look at 
one of the top corner?; it will be seen that two tdp edges meet 
there; the plice of meeting of two lines is called a Point. 
It will also be noticed that a third edge passes through 
the point as well; any number of edges or lines may meet at 
a point, but two lines are sufficient to indicate a point. 

We might also consider the above point as the place 
where the third edge mentioned meets the top surface, for 
the meeting place of a surface and a line is a Point. 
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It should be noticed that we cannot draw a point; how¬ 
ever small a dot is made with iiflt or pencil, it has ascertain 
size and is noj accurately a point. 

A point has no length and no breadth and no thickness. 

In cases where accurate measurements have t<» be made, 

• • • X X ' X 

vuunmU accural, 

Fic. 2. 

it is best to represent points by drawing two short thin inter¬ 
secting lines and to avoid dots. 

10. A familiar example of a curved line 
is the circumference of a circle, in which 
every point is at the same distance from a 
certain point within the figure; this point 
is called its centre. 



Fig. 3 . 


EXERCISE 1. 

1. Name, from objects in the room, some examples of surfaces, 
lines and points 

2. Name some solids which have all their surfaces plane. 

3. Name any familiar solid in which the surface is entirely curved. 

4. If you were asked how much of the wall of a room was to be 
papered, would you give the answer as a volume, area or length ? 

5. Which arc the plane and curved surfaces in the ordinary form 

of a class-room ? * 

6 . Which are the plane and curved surfaces in 

(a) a tumbler, ( 6 ) a cigarette, ( c) a new pair of shoes ? 

7. In the following cases, would you give the answer as a volume, 
area or length ? 

(a) The amount of ink in the ink-well. 

(b) The quantity of paper for a parcel. 

(g) The, amount of acid for a chemical experiment. 

[d) The amount of darning-cotton for mending a sock. 

(*) The anixhint of zinc for covering a roof. 

(/) The quantity of gas burnt in a flame in 1 hour. 

8 . Is a railway-line truly a line, and are railway-points really 
points ? 

11. The Figs. 4-10 represent Solids of Various shapes. 
The student should look at these objects themselves; he 
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will gain in this way a fetter idea of them than from 
figures? •* 

Fig. 4 rgpresents a Rectangular Block [\ 
or Cuboid^ it has 

6 plane surfaces, 12 straight edges or 
lines, 8 angular points. 

Fig. 5 represents a Sphere ; it has 
1 curved surface, no edges and no points. 

Fig. 6 represents a Pyramid ; it has 1 *' 

5 plane surfaces, 8 straight edges or lines, 5 angular points. 




Fig. S 
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Fig. 7 represents a Cone ; it lias 

1 curved surface, 1 plane surface, 1 curved edge or line, 
and 1 angular point. 

’ Fig. 10, 

Fig. 8 represents a Cylinder ; it has 
1 curved surface, 2 plane surfaces, 2 curved edges or lines. 
Fig. 9 represents a Triangular Prism ; it has 
6 plane surfaces, 9 straight edges or lines, and 6 angular 
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Fig. 10 represents a Tetrahed$on; it lias 

4 plane sprfaces, 6 straight edges or lines, and 4 fcngular 
points. . " 

12. Direction. Tieasmallweighttotheendofa,thinstring 
and hold up the weight by the string; the string is then said 
to be Vertical, It represents a line in a Vertical Direction. 

How many vertical lines .are there in a room ? 

Hang the weight in many different places. Do you think 
that a Vertical line is always in the same direction ? 

The edges the walls form with each other are (or ought to 
be) vertical; so are some of the edges of the doors and of 
the windows. 

Mention as many vertical lines as you can. 1 

Does the weight always hang in precisely the 
same way when lmng from the same point; do i 

you think more than one vertical line can be 1 

drawn through a point ? 

If you hold the string against a wall and the 1 
weight hangs as in Fig. 11 , would the wall be ,. I(i tl 
correctly built ? 

Could you draw any vertical lines down such a wall ? 

Theabovc illustrates t lie principleof the builder's plumb-line. 

Do you think you could draw any vertical lines on a 
sloping black-board or on the floor ? 

13. The edges where the walls meet the floor or the ceiling 
are Horizontal. 


Hold out your arm horizontally ; does it keep horizontal 
if you slowly turn round ? 

The plane which contains all the hori¬ 
zontal lines which can be drawfl through 
a particular point is a Horizontal Plane. 

Such a plafte may easily be tested by 
means of a Spirit Level, which may be 
cither a long one or a round one such as fk. it 

photographers employ (Fig. 12). 

In either case the bubble is in the middle when the spirit 



level is placed on a horizontal plane. 

In using the long spirit level care must be taken to use it in 
two directions. 




7 


PARALLEL LJNES 

14.. The direction of a/plumb-Iine wiien produced passes 
through the centre of the earth, and thus a plumb-line in 
London would not be in the same dircction'as one in Edin¬ 
burgh ; J:>ut if there are several plumb-lines close together, 
then the vertical lines which they indicate may be considered 
to be in the same direction. 

15. Horizental lines, however, are not necessarily in the 
same direction, if evervbody in a class-room points his 
arm straight upwards, all the arms are vertical and in the 
same direction ; but if everybody points his arm horizon¬ 
tally at a tall person standing ill the middle of a room, 
though all are pointing horizontally, they are certainly 
not pointing in the same direction. 

Now settle which is the southerly aspect of the class room. 
What is an easy method of determining this direction ? 

Having settled on tlijs, you know at once the northerly 
and other aspects. 

Let everybody point Ins ai in m tile northerly direction (of 
course the arms should be hoiizont.il), then all the arms will 
be seen to be in the same direction. 

Any two such lines are called in Geometry Parallel lines, 
and possess the property of never meeting, however far they 
are produced. 

16. The printed lines on a sheet of an exercise book, and 
the two sets of lines on a sheet of squared paper, are 
examples of parallel lines in the same plane, a, b, c, i, e 
forming one set of parallel lines and />, q, r, s, t another set. 



Though we have not yet considered the subject of the 
measurement of lines, it will probably easily be recognised 
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that any two parallel lines, sucta as a and A (Fig. 14), are 
everywhere the same distance apaft, as, for instance, in the 
c&sejoi the two" rails of a piece of straight railroaW. 

17. Any two vertical lines are parallel. Thee crevices 
between the planks in the floor are in the sanfe direction or 
parallel. 

The wickets on a cricket pifbh are all vertical.and parallel. 

The markings on a tennis lawn are all horizontal, but they 
are not all in the same direction nor parallel. If the top 
string of the net is E. and W., then the side lines (single and 
double courts) are in the same direction N. and S. and are 
parallel, and the other lines arc in the direction E. and W. 
and are parallel, 

EXERCISE 2. 

1. Draw a rough sketch of Rugby football goal posts and mark 
which of the posts or bars are horizontal, and which vertical. 

2. Name some common instances of parallel lines. 

3. Can you draw a vertical line on a sloping railway embank¬ 
ment ? If so, how many ? 

4. Can you draw a horizontal line on a sloping railway embank¬ 
ment ? If so. how many ? 

5. Through any particular point on a sloping roof, how many 
vertical lines and how many horizontal lines can be drawn ? 

6. If a page of a book is held with a line of printing horizontal, 
will the long edge of the page be vertical ? 

7. If a flat ruler is held with its length vertical, will its breadth 
be horizontal ? 

8 . Draw a rough sketch of a flight of stone steps and mark the 

horizontal and vertical lines. * 

18. Angle. Two non-parallel lines in the same plane, 
that is, two straight lines which intersect, are said to form 
an angle with each other. 


E 

Fio. 15 . Flo. 10 . < 

Point one arm N. and the other E. Your arms are inclined 
at an angle; this angle is called a Bight angle (Fig. 15). 

' ” V 
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• 

Point the first arm N.E» instead of N., and now your 
arms are inclined at a different angle (Fig. 16). . 

How does*this second angle compare with the first ? .■ 

Again point one arm N. and the other S.E., and you 
have to stretch, your arms much wider apart than in the 
first case„and they form a greater angle. 

Again point your arms N. an<l E., and think of the angle 
between them? Then point the second arm vertically up¬ 
wards instead of E. 

How does this second angle compare with the first ? 

Stand facing N., then right turn ; you will now face E. 
You have turned through a Right angle. 

< It is most important to be familiar with a right angle; 
it is easy to recognise and may be divided into (X) equal 
parts called Degrees ; i.e. the turn from N. to E. may be 
made by 90 equal smaller turns, each equal to one degree. 

Again point one arm N. and the other N.E. ; the angle 
between your arms is half a right angle (45 degrees). 

Again stand facing N. and half-right turn. What direction 
do you now face ? Through what angle have you turned ? 

Face N. and about turn. You will be facing S., and will 
have turned through 2 right angles (ISO degrees). 

19. The directions of the hands of a clock form an angle ; 
at 3 and 9 o'clock the angle between them is a right angle ; 
at 12 o'clock the angle is notlyng ; at 0 o'clock the angle is 
the same angle as that which you turn through when you 
about turn, that is two right angles; at 16 mins, past 
6 o’clock the hands are approximately at right angles. 
You will notice all these angles arc the same whether you 
are looking at a watch with' very small hands or a clock 
with very large ones. 

20. The twp legs of an opened compass form an angle. 

Hold the compass leg OA still 

and rotate the other one OB. 

The angle between these legs 
does not depend in any way on 
the size of the’compasses; you 
may have a very small pair or 
ybu may have large ones as used for a blackboard. But 

a * 
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the angle does depend on the amount of rotation that you 
give to OB, *' 

. , A AO 

‘The angle above is spoken of as AOB or BOA; or some- 
A A 

times as a or 0 when there is no chance of ponfusion. 

21. If two angles are very different in size, you can tell 

• o A 

there is a difference by observation ; for instance, HOK is 
clearly a larger angle than RQS. 
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If there is some doubt as to whether two angles AOB, 
CQD are equal (Figs. 20, 21), cut out two pieces of paper so 
that the edges lit on the arms of the two angles; then place 
one piece of paper on the top of the other and determine 
whether the edges coincide as in Fig. 22 ; if so, then the 
angles are equal. 



Fig. 22» 


It should be noticed that the actual pieces of paper are 
by no means equal. 

22. To construct a Right angle. 

Take a piece of paper AKBft, having AB a straight line 
(Fig. 23). Fold the paper so that the line KB exactly fajls 



RIGHT ANGLE 'll 

along the direction of thj line KA (Fig. 24). A crease is 
made. Shown in Fig. 23 i?£ the dotted line KM., 



1 ; K. 2.1. Fin. 24. 


A A 

The angles MKB and MKA, which arc equal, arc both right 
angles. 

If you wish to test an angle such as that at the corner 
of a sheet of paper, a piece of folded paper similar to that 
shown in Fig. 21 will be found convenient. 

EXERCISE 3. 

Give approximately the sizes of the angles between the hands' 
of a clock in terms of 1 right angle, drawing rough diagrams : 

1. At 5 minutes past 4 o'clock. 

2. At 7 minutes past 3 o'clock 

3. At 2 minutes to 4 o'clock. 

4. At 0 o'clock. # 

5. At 10 minutes to 0 o’clock 

6. At 16 nunutes past 11 o’clock 

7. A boat is sailing due X. anti changes its course to N.E. ; 
through what angle does it turn ? 

8. A boat changes its course from N K through E. to S. ; through 
what angle has it turne<| ? 


A 



Fig. 25. 


9. In Fig. 25? name each of the angles a, p, y by three letters. 

10. In Fig. 25, name the pair of lines* containing each of the angles 
at A, B, C. 

• » 
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[Ex. 3 


11. Name by three letters each %f the angles 1, 2, , 13, in 

Fig. 26 in as many ways as possible. •• * 



12. Of the three angles a, b, c, guess which is the largest and which 
the smallest; then 
trace on a piece of 
thin paper, cut 
them out and test 
your result by fit¬ 
ting them on one 
another. 


MEASUREMENT OF STRAIGHT LINES AND 
ANGLES. 

23. When it is required to measure the distance between 
two points by means of dividers, the ruler graduated in 
centimetres and millimetres pr in inches and tenths of an 
inch is used as follows : 



Place a point of the compass dividers on each of the given 
points, then apply the dividers to the ruler as in Fig. 28. 

The length AB would be recorded as 2-3 urns, or 2 cms. 
3 mms. The length PQ isgreater than 2-8 and less than 2-9 ; 
the student must try to imagine that the small space at P 



BISECTION 


.13 

is divided into 10 subdivisions and Estimate at which sub* ' 
divisiop he thinks P woul<J be, in this case perhaps at the 

third then the measurement would be 2-83. • 

• 

24. If the ruler is used direct with¬ 
out the aid of dividers, it should be 
tilted so that The actual graduation 
marks cdme into contact with the sur¬ 
face on which lies the distance AB. 

Note that an exact graduation 
is placed over one extremity B, and 
that the smaller graduations come over the other extremity A. 

It will be seen that AB - 3-34 cms. (approx.). 

Whv is it necessary to tilt the ruler in order to obtain a 
•correct answer ? 

25. If a straight line is divided into two equal parts, it 
is said to be bisected. 

(i) If a line AB is drawn on paper, fold it so that B comes 
on A, then, on unfolding, if the line AB meets the crease 
XY at C, C will be the middle point of the line. 

Notice that CB was exactly on the top of CA and that the 
angles XCB, XCA are right angles. 

—;--- 

A’ C D B 

Fin. 31. 

(ii) Open out the compasses to any distance AC which 
looks less than half ‘the line AB, and then 
mark off BD = AC. If we now estimate the 
middle point X of the small distance CD, we^ 
have the middle point of the line AB. 

(iii) An accurate method of bisecting a 
line AB is as follows: 

With centres A and B and radius AB, 
circles are drawn meeting in C and D. 

If CD cuts Its at E, then E is the middle 
point of AB. 



Fio. 32. 




Fio. 20. 





14 


SHORTER GEOMETRY 


1 EXEBCISE 4. 

r 

1. Mcasurp AB, BC, CD (Fig. 33) in'centimetres and millimetres, 
add,the results tpgether, and then measure AD. 

X-X-X-X 

A B CD* 

Fig. 33. 

2. Measure AD, AC, AB (Fig.,34) in centimetres and millimetres ; 

—I-1-1-f 

A B CD 

Fig. 84. 

subtract the values of AC and AB from that of AD, and compare with 
the lengths of CD and BD found by measurement. 

3. Repeat Qn. 1, giving the measurements to the nearest tenth 
of an inch. 

4. Repeat Qn. 2, giving the measurements to the nearest tenth 
of an inch. 

5. Draw a line AB 5*8 ems long, and guess its middle point C ; 
now cut off from AB a length AD - 2-9 ems, and see how near 
D is to C. 

6. Measure in (i) centimetres and millimetres, (u) inches and 
tenths, the total first line of printing of this question 

7. Measure in (i) centimetres and millimetres, (ii) inches and 
tenths, the length of printing in the second line of Qn 10. 

8. In Fig. 35 rmnsurc the lengths of BD, DC ; CE. EA ; AF, FB; 
also GD, GA ; GE, GB ; GF, GC. Give the answers in ems and mms. 


A 



9. A man walks 5 miles due East, then 7 miles due West, and 
finally 9 miles due East. If 1 cm. represents 1 mile, draw a diagram 
to represent his various positions A, B, C, D. Measure AD in ems. ; 
what distance does this represent ? 



S'BRAIGHT LINES AND ANGLES 1$ 


10. If a man walks 4 miles due North, 5 nylea due South, and then , 
3 miles due North, represent his positions A, B, C. D by drawing a 
straight line on a scale of 1 incl^jb 1 mile. Measure AD in inches. 

11. Draw a Jriangle with its sides 5 t ins , 4 cms., ^2 cms. respec¬ 
tively. • 

N.li —A triangle (\) is a plane figure 
bounded by three straight lines 

[Draw AB--5 <5Vns. ; with centre A and 
radius 4 cms draw an arc, i c a portion of 
the boundary or circumference of a,urile; 
with centre B and*radius 2 cms draw another A 5 B 

arc; let these two arts cut at the point C, Fig. 36. 

then ABC is the triangle required.) 

12. Draw a triangle ABC such that AB 3-2 ms, BC 2-7 ins., 
CA 1*8 ins. Take D m AB stub that AD 1-4 ins Measure CD. 



13. Draw a triangle ABC in wlin.li AB 0-4 mis, BC -5-2 cms., 
CA 4*7 cms In BA, BC take pointsX and Y such that BX 4*1 cms., 
BY - 3-2 cms Measure XY (I lg 37). 



A X B A B 

Fig. 37. Fig. 38. 


14. Draw a triangle ABC, making AB - 0-3 cms, BC-4*3 cms., 
CA -5*7 cms. By intersecting circles, biset t BC, CA, at E, D respec¬ 
tively. Join DE and measure it. See if DE JAB (Fig. 38). 

15. Draw a triangle ABC in whu*h AB .7-4 cms., BC 6*1 cms., 
CA =4*6 cms. Bisect BC, CA, AB at X, Y, Z respectively. Join and 
measure AX, BY, CZ, and show that these three lines meet in a point 

A 


BY * C 

•Fig 30. He. 40. 

16. Draw* a triangle ABC, making AB -3*2 ins., BC 3*9 ins., and 
CA=2*3 ins. In AB, BC ( CA take X, Y, Z, so that AX =1*1 ins., 
BY = 1*4 ins , CZ - 1 inch. Measure XY, YZ, ZX (Fig. 40). 

26. Measuremsnt of Angles. The student has already 
gained some idea of an angle and of a right angle. The 
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angle ABC (Fig. 41) k a right angle; as we have seen in 
Art. 18, it is usual to divide right angles into 90 equal parts, 
each one of which is called a rffegree. 



Fig. 41. Fig. 42. 


The angles X, Y, Z are respectively 30°; 45°; 60°. 

The student should look well at these and try to recognise 
them when lie sees them again. . 

Before attempting to measure any angle the studeHt 
should always form an approximate idea of the size of the 
angle. If he gets into this habit, he will be saved many 
errors in reading the protractor (Fig. 45). 


27. A right angle can be conveniently constructed by 
means of a set square, which may contain angles of 90°, 
60°, 30° (Fig. 43). 

The set-square can also be used for drawing a line perpen¬ 
dicular to a given line through a given point in it. 

(In Fig. 41, BA, which makes a right angle with BC, is said 
to be perpendicular to BC.), 



If it is required to draw through 0 a line perpendicular 
to AB (Fig. 44), place the set-square with one of its shorter 
edges OO along AB, and so that the right angle is at O ; 
then pencilling in the direction of OC, we have a line per¬ 
pendicular to AB. 

It should be noted that we can draw inly one perpen¬ 
dicular to AB through the point O. 



PROTRACTOR 17 

28, The semi-circular Protractor is as illustrated in 
Fig. 45.? 

To measure an angle KOB, the line P'OP on the protractor 
is placed along OB with the middle point, which is marked, 
at 0. * 

The graduation which lies on OK is then read off. 



A 

In this case KOB - AS '. 

A moment’s thought will prevent any student from saying 

A A 

that KOB = 122° ; AOK is clearly greater than a right angle 
and KOB less than a right anglct; 

AOK =122°. 

29. To construct an angle of a given size at a given 
point O in a line OB, the protractor is placed with its centre 
at the given point 0 and the line OP along the line OB. If 
the angle required is 58°, a tine pencil mark is then made 
at C at the 58° graduation, the protractor removed and OC 
joined. 
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EXEECIM 5 

• * A A A • 

1. Measure AOB, BOC and AOC, and check your work by com¬ 
paring the third angle with the sum of the first two. 

N.H.— 'lhe figure may be pricked through on tj> another sheet of 
paper. 



2. Measure BOC. COD, BOD and check 

AAA 

3. Measure COD, DOE, COE and check 

AAA 

4. Measure DOE, EOF, DOF and check. 

A A 

5. Measure AOD, DOF and add your results. 

A A 

6. Measure AOC, COF and add your results. 

A A 

7. Measure AOE, EOF and add your results, 

A A 

8. Measure AOB, BOF and add your results. 

Carefully notice the addition in the last 4 questions. 

9. Draw an angle of 54°, mark off a point in each arm 3 cms. 
from the angular point and measure the distance between the points. 
Join the points and, measure the angles formed, and add up all three 
angles of the triangle. 

10. Draw an angle of I ft 0 , mark off a point on one arm 6 cms. and 
a point on the other arm 4 cms. from the angular point, and measure 
the distance between the points. Join the points and measure the 
angles formed, and add up all three angles of the triangle. 

11. Repeat Qn. 10, using the numbers 22°, 5 cms., 7 cms. 

12. Repeat Qn. 10, using the numbers 38°, 6 cms., 5 cms. 


STRAIGHT LINES AND ANGLES 
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13. DrjLW two angles AOB, each equal to 
33°, produce Ap to Y, making OY =3 cms. ; cut 
off OX =3 cms., and join XY. Measure the 
angles OXY.OYX (Fig. 47). 

14. What is the»n umber of degrees described 
by the minute hand of a clock when it moves 
from figure (i) 12 to 3, (u) 12 to 4, (in) 3 to 8, 
(iv) 2 to 9 ? 


15. Draw a straight line AOB. and then make BOC =54°. Prodiu e 
CO to D and measure the angles AOC, AOD, 

BOD. 

• 16. Draw a triangle with sides 0*2 cms., 

5-3 cms., 4-7 cms. Measure the three angles and 
find their sum. 

17. Construct a triangle with sides 3*2 ins , 

2*7 ins., 2*2 ins., and measure the three angles. 

What is the sum of the angles 5 

18. A man sets out from A and walks 2 miles to B in an Easterly 
direction, then continues 2 miles to C in a North-Easterly direction, 
then 3 miles to D in a Northerly direction. Draw a diagram to 
scale, and find by measurement the distance from A to D and the 

angle BAD. 

19. Draw two lines OA and OB, each 3 inches long, including an 
angle of 70°. From A. and on the,same side of OA as B, draw a 
straight line AP such that the angle OAP is 100°. Find two points 
in AP, each 2J inches from B. anti measure the distance between 
them. 

[Open out the compasses to 2J ins and draw part of a circle with 
centre B.] 

20. Draw* a triangle A^C m which AB 2*3 ins., BC -2*15 ins., 

CA =2*7 ins. • 

Find the point Q inside the triangle such that each of the 
angles ABQ, BCQ is 29°. Join AQ, and measure AQ and the angle 

QAB. 

21. Draw the triangle ABC, having BC 3in», and the angles 
B and C each 05°. Iff BC take BP -1 in. ; in CA take CQ = 1 in. ; 
and in AB take BR = 2 ins. Show that the triangle PQR has two sides 
equal. 

22. Draw a triangle ABC with AB =6*5 cms., BC =5*4 cms., 
CA=4-3 cms. Bisect the sides AB, BC, CA at X, Y, Z ; through X, 
Y, Z, draw perps. to AB. BC, CA respectively ; see if these perp*. 
meet at a point O ; then measure OA, OB, OC, OX, OY, OZ. 
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[Ex. 5 


23. In the piece of machinery s^own, B moves backwards and 
forwards along the line BO, while A describes the circumfe^nce of a 
circle with fixed centre O- Draw the circle to scale with OA --2*5 ft. 



I'io. 4D 


If AB -0 ft. and the values of the angle BOA in succession are 0°, 30°, 
60°, 90°, 120°, 160°, 180", measure in each case the value of OB. 


30. To bisect a given angle. 

If XOY is the angle, draw a circle with centre 0 and any 
convenient radius to cut OX, OY at A and B respectively. 

With centres A and B and equal radii, draw arcs cutting 
at P. Then OP Insects the angle XOY (Tig. 50). 



31. To draw an angle equal to a given angle. 

Let XOY be a given angle, and suppose it is required to 
draw at A a line AC making with a given line AB an 
angle BAC - angle XOY. 

With centre 0 and any radius draw an arc of a circle 
cutting OX, OY in D, E respectively. 

With centre A and the same radius draw an arc cutting 

AB at P. 

Open out the compasses to a distance ED, and then with 
centre P and radius equal to ED draw an arc meeting the 
previous arc at Q. Join AQ. 

The angle (JAP = angle XOY. 
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32. Through a given poinj to draw a straight line parallel' 
to a given straight line. •• 

Let P (Fig. 52) be the given point and fS the giv.cn 
straight line. * 

Place a«set square with the long edge along AB and a 
ruler close up against the shortest edge. 

Hold tire ruler firm and slide the set-square along it until the 
long edge passes through P, then (D aw A'B' along t his long edge. 




C 

Fic. 5:t 


It will be noticed that,since the short edge has moved 
along the same straight line all the time, the long edge has 
continuously been pointing in the same direction and A'B' 
is parallel to AB. 

Note that through the given point P we can only draw one 
straight line parallel to the given straight line AB. 

If the line A'B' is to be a given distance from AB, say I inch, 
place the set-square with one of the edges containing the 
right angle along AB (Fig 53), and draw CD at right angles to 
AB along the other edge. On Ihc line CD mark a point P so 
that CP = 1 inch, then through P draw A'B' parallel to AB 
by the method given above. 

33. To draw a line perpendicular to a given line from a 
given point without it. 1 

Let AB be the given line 
and 0 the given point. 

Place the sft-square so that 
one of the shorter edges passes _ 
through 0 and the other short A 
edge lies along the line AB. 

Then pencil in the perpendicular OX. 

Note that through 0 onlv one perpendicular can be drawn 
to AB. 
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EXERCISE 6. 

1. Draw an angle XAY -46°. Measure AB, AC each equal to 
4*xms. ; join<BC and, with compasses and 
ruler, bisect BC at P. Join AP and then mea¬ 
sure the angles BAP, CAP with a protractor 
(Fig. 615). 


2. On a straight line AB take any point 
0, and from 0 draw a straight line OC in 
any direction. 

iiiscct the angles AOC, BOC by the straight 
lines OP, OQ, and with a protractor measure 
the angle POQ. 



3. With the protractor make an angle of 39°. Draw a “line AB 
6‘9 cms. m length Without using the protractor again make an 
angle BAC - 39°. Cut off AC -6*7 cms, and join CB. Bisect the 
angle ACB, and measure in centimetres the length of the bisector 
from C to the point where it cuts AB 


4. Construct a triangle ABC such that the angle ABC-GO 0 , 
ACB =76°, and the base BC is 4 centimetres in length. Bisect the 
angle A by a straight line AX meeting BC in X. Measure the length 
of BX and CX. 


6. Describe a triangle ABC such that AB - 3-3 inches, BC-2*4 
inches, and CA 1*5 inches Bisect the angles of this triangle by 
straight lines drawn to meet the opposite sides. 

6. Construct an angle of GO 0 , BAC, making the arm AB -2$ inches 
and the arm AC -2 inches. Join BC. Bisect the angle ABC by a 
line meeting AC at D Measure AD and DC. 

7. Draw a triangle ABC having its base BC 2 inches long and AB, 
AC each 3 inches long 

Bisect the angle ABC by a straight line meeting AC at D ; bisect 
BD at E. Join AE, and measure, its length. 

8. Draw a line AB 4*7 inches long. Construct at B an angle ABC 
equal to GO 0 , and from a point P on BC 2*2 inches distant from B draw 
PQ perpendicular to AB. Measure PQ. Join PA and measure the 
angle APQ with a protractor. 

9. Bisect at C a straight line AB, 2*70'inches long and draw CD 
at right angles to AB, and 1*6 inches long ; through D draw EDF 
parallel to AB. 

10. Draw an angle BAC of 110° and construct its bisector. Make 
AB 2*3 inches long and at B construct a perpendicular to AB meeting 
the bisector of the angle in 0. From O construct a perpendicular 
to AC meeting it in C. Measure OB and OC* 

11. On a base 2f inches in length describe an equilateral triangle 
ABC. Bisect AB in D and BC in E. Through D and E draw parallels, 
to BC and BA respectively to meet the third side AC. 

12. Draw two straight lines parallel to a given straight line, and 
each distant one inch from it; draw a straight line PQR cutting them 
in the points P. Q, R. Show that PQ =QR. 
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13. Construct a triangle ABC in whidh A *=56°, AB =8-7 cms.,. 
AC =5*4 cms. Draw BE bisecting the angle ABC and CF bisecting 
the angle ACB. Let BE meefcCF in 0, and AC in E. Measure the 
angles BtC, BOC. 

14. Draw two parallel lines, AB, CD, such that the perjiendictilar 
distance between them is 5 cms Take any point P between them, 
and through P draw a line LM, cutting AB .it L and CD at M, so that 
LM =7 cms. 

15. In a triangle ABC, the lengths «»t BC. CA, AB in order are 4'8, 
6*3 and 7-1 cm* AD is drawn perpendicular to BC Measure the 
lengths of BD, DC. 

16. Draw a tria igle ABC having AB 6-8 cms . BC 5*3 cms., 
angle ABC 132°. From C draw CD perp. to AB produced, and 
measure CD. 

17. Draw a line KT, .VI in< lies m length, at K make an angle 
HKT equal to 39\ and nuke KH equal to 3-6 inches; draw HS 
perp, to KT. Measure HS. Join TH and measure the angle THS. 

18. To find the breadth of a nur with a f.urlv straight bank, a 
distance AB is measured along the 
bank and found to be 150 ft 0 being 
an object on the farther bank, the 
angles OAB, OBA are measured and 
found to be G2'\ 45” respectively. 

By drawing the triangle OAB to stale 
and measuring the length of the perp 
from 0 to AB, find the breadth of 
the river. 

19. To find the height of an accessible object AB, suppose CB is 
the distance of the eye from the ground (5 ft ), and walk a distance 

CD away from the object. By observation, let ADC -32°, and by 

pacing CD = 240 ft ; ACD 90° * Draw the- triangle to scale and 
thus find AC, and then AB (l’ig. 57). 


Fig. 57% 

20. To find the height of an inaccessible vertical object DE, 
observe the angle DBA at some point B, walk directly away from the 

object to C and observe angle DCB. If DBA -65°, DCB=28*. 
3C =210 ft., AE =5 ft., draw the £DBC to scale, then draw DA 
perp. to CB produced, and thus find DE (Fig. 58). 




0 



AX B 

Fig. 56. 
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. 34. The Compass. 'The direction of one point when seen 


from another can often be givei^by the 
reading on a magnetic compass. It lias 
tO'.be remembered, however, that the 
N. point is not fixed in direction, but 
varies from year to year; in 1923 the 
magnetic N. was about 13|° to the W. 
of geographical N. 



The student is probably familiar with , 8 

the 8 chief points of the compass (Fig. 

59), and they represent directions winch vary 45° from one 


another. 


In all there are 32 points of tiie compass, and the angles 
between consecutive directions are each or 11}°. 



«P 

h< oo. 


They are shown in Fig. 60. ■ 

Directions other than those on the compass may he 
described as 

N. 13° E., which means 13° on the E. side of N., 

N. 15° W„ „ 15° „ W. „ „ 

S. 60° E„ „ 60° „ E. side of S., 

S. 75° W., „ 75° „ VV. 

35. The Bearing of an object is the number of degrees, 
measured in an Easterly or clockwise direction, between 
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a line drawn N. from the position of ttie observer and a line' 
drawn ip the direction of tjjb object. 

If the" angle is measured from the geographical N., then 
the bearing is called a true bearing, and if measured from the 
magnetic sorth it is called a magnetic bearing. 

Bearings of S2°, 125°, 220° and 340° are shown in the 
following diagrams ; 



FlO (11 


EXERCISE 7. 

1. In the given diagram measure the lxanugs of the objects . 
A, B, C, D, E, F, when observed from 0 



Fig. 

2. Express as bearings the following geographical directions : 
S.E., N.W., S.W., S.S.E., E.S.E., N.X.W, W S.W , N.X.E., S. 50*E., 
S. 40° W., N. 30° E., N. 48° W. 
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[7o be solved graphically.] 

f 

3. Give bearings of the successivf paths of a patrol which travelled 
from (i) A to B, B to C, and C to D; state also the bearing of D from A; 
(ity A to E, E to C, C to B. Give the bearing of E frcftn B. Suppose 
the edge of the page runs N. and S. 



Fig. 03. 


4. If A is 3 miles W. of 0 and B is 4 imles N. of A. find the distance 
and bearing of B from 0. 

5. B is 4-3 miles E. of A, and A is 3*2 miles S of 0. Find the 
bearing of B from 0. 

6. If a man walks 3 miles S.K , 4 miles W. and 2 miles S.W., find 
from a diagram the bearing of his final position from the starting place. 

7. A ship sails from a harbour 4 miles in a direction N.W., 
2 nules N.E. and 3 miles E., find the bearing of the final position 
from the harbour. 

8. Two scouts left a place A . one proceeded 2000 yds. on a 
bearing 110°, while the other,went 3200 yds. on a bearing 190°. 
What would then be the bearing of each scout from the other, and 
what distance would they be apart ? 

9. From A to B the bearing is 216°, the distance 500 yds., 

B to C .. 170°. „ 450 yds., 

C to D „ 125°, „ 360 yds. 

Find the length and bearing of AD. 

10. From A to B the bearing is 120°, the distance 400 yds., 

B to C „ „ 175°, „ 340 yds., 

C to D „ „ 212°, ,. 370 yds. ; 

find the bearing of D from A and B respectively, and the distanpes 

AD, BD. 

*11. The bearing of B from A is 115°, AB = 100 yds. The bearing 
of a fort F from A is 54°. and from B 340°. F'ind the distance of F 
from C, the middle point of AB. 

12, Construct a triangle ABC in which BC =500 yds., the bearing 
of C from B 290°, the bearing of A from B 340°, and the bearing of 
A from C 40°. Find a point D, the bearings of which from B and C 
are 220° and 150° respectively. What is the distance AD ? 
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. DIAGRAMS DliAWN TO SCALE. 

36. In representing the shape of a figure on paper, jve 
have already seen that the actual lengths of the lines in 
the figure !tre d # rawn on paper by shorter lines; if every 
1 foot (let us say) of the figure is represented by 1 cm., we 
say that the scale is 1 cm. to 1 Jt. 

Two such figures are said to be similar ; they are of the 
same shape, and any angle in one figure is equal to the corre¬ 
sponding angle in the other. 

The terms horizontal and vertical have already been 
explained on page 6. 

If O is the position of an observer’s eye, P an object at 
Mich he is looking, OA a horizontal line in the same vertical 
plane as OP, then 

angle AOP is called the angle of elevation of the object 
when P is above O ; 

angle AOP is called the angle of depression 
when P is below O. 



Pig. 64. t Fig. 65. 

If the extremities A and B of an object AB (Fig. 65) are 
joined to the position of the observer's eye at 0, then AB 
is said to subtpnd the angle AOB at the point 0. 

Ex. 1. Draw a diagram on a scale of 1 cm. to 2 miles to 
represent the fad that Tewkesbury is 8 miles N.W. of Chelten¬ 
ham and Gloucester 8 miles S.1F. of Cheltenham. From the 
diagram measure the distance of Tewkesbury from Gloucester. 

Draw any line ACB to represent a line running N. and S., 
and let C be the position of Cheltenham. Make the angle 
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ACT = 45° and measure CT =4 cms.; then T will represent 
the position of Tewkesbury. Make the angle BCG =^45° and 
measure CG =4 cms.; then G will represent 
tht position of Gloucester. Join TG. 

By measurement TG = 5-65 cms. 

distance of Tewkesbury from Glou¬ 
cester is 11-3 miles. 

Ex. 2. A man observes the top of a spire 
A from a point B on the ground and finds that 
the angle of elevation is 19°. On walking 
30 yds. towards the spire the angle is 2~>\ 

Find the height of the spire. 

Take a scale o( 1 cm. to 20 yds. 

Draw BC to represent 30 yds., i.e. of length 15 cms., and 


B c D 

Vic.. (ST. 

A A 

make CBA--19 0 . Produce BC and make DCA-23°. Let 
BA and CA meet at A, the top of the spire. 

Draw AD perpendicular to fee produced ; then by measure¬ 
ment AD ^2-0 cms. 

.'. height of spire is ft) yds. 




Fig. OC. 


EXERCISE 8. 

1. A town A is 7 miles due W. of B. while C is 0 miles N.E. of 
A ; find the distance of C from B. (Scale 1 cm. to 1 mile.) 

2. If A is 14-5 miles due N. of B and C is 10-4 miles due E. of A, 
find the distance and bearing of C when seen from B. 

{Scale 1 cm. to 1 mile.) 

3. A, B, and C are three villages. If AB = 13 miles, BC=10$ 
miles, and it is found that the angle ABC =55®, find AC. 

(Scale 1 cm. to 1 mile.) 

4. From my house A it is possible to see two monuments B 
and C ; B is in a N.E. direction and 350 yards away, while C is in a 
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S.E. direction, and 400 yards away. What is the distance BC ? 
(Scale 1 to 100 yds.) #0 

5. A ladder 25 feet long is placed up against a wall so that its 
foot is 12 feet from the wall What is the im Imatioh of the ladefrer 
to the vertical ? (Scale 1 in to 10 jt.) 

• 

6. The elevatio# of the lop of a tower 520 feet away is 32° , find 

the height of the tower ('v ale l an to 1 00 ft ) 

7. If B is 5*5 miles X. of A, C 4-3glides E of B. and D 3-3 miles 
X of C. find the distant e of D from A (Siale I an to 1 tittle ) 

8. The top end of a stung 12 feet, long is fixed, and to the lower 

end is attached a weight If tin* stung is displat ed through an angle 
of 30°, what will then be the depth of the \uight below' the fixed end 
of the string 7 (St ah' I an to 2 It) 

9. The string attut hed to a kite is 250 feet long, and makes an 
angle of 38° with the giound , what is the height of the kite ? 
(Stale 1 an to 25 ft) 

10. If a building 35 feet high subli lids an angle of 55° at a point 
on the ground, wh.it is the distante of the point from the building 7 
(Scale 1 in to 25 ft ) 

In the following examples the student should i house suitable scales, 
the actual scale taken being wutten under the diagram 

11. A ship .^ails m a icrtam direction 5} miles, and then turns 
through an angle of 52 to the left, and sails another 3J miles Find 
the distance of its final from its original position 

12. C is 18-2 miles W of A and B is Ml milts m a direction 
42° N of W of A Find the distance and l>cariiig of C as seen 
from B. 

13. X, Y, Z are three towns, sucti that XY 19 miles, YZ 10*8 
miles and ZX 14*3 miles hind the distante of X from the line 
joining YZ. 

14. A fixed lightship B bears X 20' J W when observed from 
another ship A , when A sails due \V for 5 miles, B is then due N. 
Find the distance of B from A at the first point of observation. 

15. If the height of a tower is 120 ft and the angle of elevation 
from a point on the ground is 35°, find the distance of the point from 
the tower. 

16. A man on the edge of a cliff observes that the angle of depres¬ 
sion of a boat at sea is 25°. If the height of the cliff is 250 feet, what 
is the distance of the boat 7 

17. If the shadow cast by a tower is 350 feet long when the altitude 
of the sun is 35°, what is the height of the tower ? 

18. A man wishes to find the breadth of a river, so observes an 
object A on the opposite bank immediately opposite his own position 
B. He walks 120 yards down the bank to C, and on measuring the 
angle BCA finds that it is 36°; find the breadth of the river. 
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19. B and C are two points on the straight bank of a river, such 
that BC=63 yds. A is a point o& the opposite bank, jjuch that 

A A 

ABC =40° and ACB =35°. What is the width of the river ? 

SO. From two points on the immediately opposite sides of a tree, 
the angles of elevation of the top are found to be 55° And 25°. If 
the two points are 120 feet apart, what is the height of the 
tree ? 

21. A man starts from a point A and walks 5 miles due S. to a 
point B ; here he turns W. and walks to a point 0, which is S.W. 
of A ; he now returns direct to A. What is the total distance he 
has walked ? 

22. B and C are two points on a straight coast line running from 
W. to E. and 800 yards apart. A is a lighthouse which is N.E. of C 
and 20° N. of E. when seen from B. Find the distance of the light¬ 
house from each of the points B and C. 

23. What will be the breadth of the zone of danger if a gun is 
fired from the top of a cliff 150 feet high and Is depressed through 
angles varying from 10° to 15°, assuming that the projectiles travel 
in straight lines ? 

24. The angles of elevation of the top of a flagstaff from two 
points distant 100 ft. from one another, in a vertical plane contain¬ 
ing the flagstaff, are 40° and 26°; what is the height of the 
flagstaff ? 

25. A house is 80 feet high and the elevation of its top from a 
point on the ground is 75° ; the elevation of the bottom of a window 
irom the same point is 32°. What is the height of the bottom of the 
window above the ground ? 

26. An object on the shore bears from a ship N. 32° E., and after 
the ship has sailed for 7 miles hi a direction N. 28° W., the object 
bears N. 45° E. Find the distance of the object from the ship at 
the second point of observation. 

27. Two ships A and B drop their anchors at a distance 300 yards 
from one another, B bearing N. 32° W from A. A buoy is due E. of 
B and N. 40° E. of A. Find the distance of each ship from the 
buoy. 

28. A boat leaves a lighthouse 4 at the end of a harbour and sails 
N. 20° E. for 1000 yards, then N. 16° W. for 550 yards, and finally 
due W. for 40Q yards. What is now its distance and bearing from 
the lighthouse ? 

29. A tunnel is bored directly under a road ; if the road slopes 
up at an angle of 15° with the horizontal and the tunnel slopes down 
at an angle of 8° with the honzontal, how far will a point, which is 
40 yards along the tunnel, be vertically under the road ? 

80. When viewed from the top of a lighthouse, the depression 
of a ship at sea is 48°, and from a landing 20 feet lower down the 
depression is 40°. What is the distance of the ship from the bottom 
of the lighthouse ? 
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DEFINITIONS. 

Axioms |re usually spoken of as self-evident truths, they 
are such that ng reasonable people deny or dispute them. 
They are taken for granted in ordinary life ; for instance, 
if a carpenter has two exactly equal poles and cuts 0 inches 
from each of them, he is quite certain that the shortened 
poles are equal. He accepts the axiom that if equals be 
taken from equals the remainders are equal. 

(i) Things which are equal to the same thing arc equal 

to one another. 

(ii) If equals be added to or subtracted from equals, the 

results are equal. 

These two axioms include such statements as: the 
doubles of equal things are equal ; the halves of equal 
things are equal. If one magnitude is greater than’ another 
and equals be added to both, the former sum is greater than 
the latter, and so on. 

Postulates are claims that certain processes may be 
performed. 

(i) Let it be granted a straight line (and only one) may 

be drawn through any two points. 

(ii) Let it be granted that a straight line may be pro¬ 

duced to any distance in either direction. 

(iii) Let it be granted that a circle may be drawn with any 

point as centre and iny length as radius. 

Definitions. The following Definitions are. placed here 
for reference ? they should not be learnt en bloc but 
used as required when they are met with in'the course of the 
book. 

1. The Volume of a body is the amount of space it fills. 

3. The Surface of a body is the boundary which separates 
it from the surrounding space. 
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3. Lines are the intersections of Surfaces. 

The appearance of a straight Tine is well known ‘and 

• (i) one straight line (and only one) can be drawn through 
two given points, n 

(ii) two straight lines cannot intersect ir: more than one 

point, 

(iii) a straight line is th< shortest distance between two 

points. 

4. Points are the intersections of lines. 

5. Angles. 1 

We cannot here give a precise definition of the angle 
between two intersecting straight 
lines ; it is sufficient for our purpose 
to understand how angles can he 
described and how they can he tested 
for equality. 

An angle is said to he described 
by the turning of a straight line 
about a point (called the angular 
point) iu itself; and the amount of turning measures the 
magnitude of the angle. 

Thus, if a straight line OP turns from OX to OY as in Fig. 68, 
it is said to describe the angle XOY. 

OX and OY are called the arms (sometimes the legs) of the 
angle. 

These arms can he of any lengths whatsoever. 

N.B.— The angle is not the space XOY. 

A straight angle is an angle' the arms of which are in one 
straight line hut on opposite sides p 

of the angular point. . 

If AOB is a straight line and OP ,-W 

turns as in the Fig. fid, fromOA to OB, BOA 
then OP traces out a straight angle. Frc. ea. 

All straight angles are equal, for they can be made to 
.coincide. 

It is clear from Fig. <J9, that as OP revolves, the angle 
AOP grows larger and BOP grows smaller. 
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At one position, and only pne, such as 00, the two angles 
become equal; each is thert said 
to be a right angle, and OD is said 
to be perpendicular to AB. 

A right tingle is one half of a 
straight angle, Jnd consequently - 
all right angles are equal. 

An obtuse angle is an angle greater than a 
right angle. 


X 


O 

Fio. 70. 


Flo 71. 


'An acute angle is an angle less than a right 
angle. 



An angle which is laiger than two right 
angles is called a Reflex Angle. 

Fig. 73. 

Degrees. 

A right angle is too large for a convenient unit, so a 
■ smaller one, a degree, is chosen., 

1 right angle ^fN) degrees (written fid'), 

1 degree = Gd minutes (written fid'), 

A straight angle - ISO''. 

6. A Rectilineal figure is a figure bounded by straight 

lines. * . 

7. A Triangle (A.) is a plane figure bounded by three 

straight lines. ' 

It has three'angular points, any one of which may be 
called, the Vertex, and the opposite side the Base. 

8. An Equilateral triangle has all three sides equal. 

9. An Isosceles triangle has two of its sides equal. 

10. A Scalene triangle has all three sides unequal. 

BfS.O. ^ C • 
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11. A Right-angled triangle Jias one right angle. 

12, A Circle is a plane figure*bounded by one cifrved line 
which is called the circumference, and is such that all points 
on the circumference are at the same distance from a certain 
point within the figure which is called the.centre. 

Sometimes the word circle is used for circumference; for 
instance, one reads, " two' circles cannot cqt each other at 
more than two points." 

In Fig. 74, ARQ8P is the circumference, C is the centre. 



All the lines drawn from C to the circumference, such as 
CA, CQ, CB, CP, are equal; each one is called a Radius. 

A line such as ACB, passing through the centre and 
terminated at both ends by the circumference, is called a 
Diameter. . 

Every diameter divides a t circle into halves, each of which 
is called a Semi-circle. 

A finite straight line such as AQ, joining any two points on 
the circumference, is called a Chord. 

A part of the circumference between any two points, such 
as ARQ, is called an Arc. 

The area, such as ARQ, contained between a chord and the 
arc it cuts off is called a Segment. 

The area, such as CPB, contained between two radii and 
the arc between them is called a Sector. 

13, A Quadrilateral is a plane figure bounded by four 
straight lines. 

jS r 

14. A Parallelogram is a four-sided figure with its opposite 
sides parallel. 
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18. A Rectangle is a parallelogram having a right angle. 

It cait be proved that if*<5ne angle is a right angle all the 
angles must be right angles. • , • 

16. A Square is a rectangle with two adjacent sides equal. 

It can be proved that ail the sides must be equal. 

17. A Rhombus is a parallelogram with two adjacent sides 
equal but the angles not right angles. 

It can be proved that all the sides must be equal. 

18. A Trapezium is a quadrilateral with one pair of 
parallel sides. 

19. A Polygon is a plane figure bounded by more than 
four straight lines. 

20. A Pentagon is a five-sided polygon. 

21. A Hexagon ,, six-sided 

22. A Heptagon ,, seven-sided ,, 

23. An Octagon ,, eight-sided 

24. A Regular Polygon has all its sides equal, and all its 
angles equal. 


The following abbreviations may be used : 



for therefore, 

.-•or a 

for angle, 


„ because, 

rt. l 

„ right angle, 

- 

„ is equal to, 

perp. or 1" 

,, perpendicular, 

as 

„ is congruent with, 

A 

,, triangle, 

II 

„ parallel or 

par”. or □” 

,, parallelogram, 


is parallel to, 

sq. 

„ square. 

> 

„ is greater tharf. 

rectil. 

„ rectilineal. 

< 

„ is less than, 

rect. 

„• rectangle. 

pt. 

„ point, 

0 

„ circle, 


difference 

between. 


str. „ straight, 
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VERIFICATION OF IMPORTANT GEOMETRICAL 
FACTS. 

FACT 1. 

A 

Draw an angle XOP of oO" say, using the protractor ; 

produce XO to some point X'; measure X'OP and add the 
two angles together. 

Repeat this six times, varying 

A 

the size of the angle XOP each time. 

In every case the sum of the two 
angles, which are called Adjacent 
Angles, should he ISO 0 . 

Having seen that the sum is 180° in all the cases you have 
drawn, you will not be surprised to learn the Geometrical 
Fact, that in any and every figure, such as Fig. 75, 

XOP + POX' is bound to equal 180°. 

This Geometrical Fact is stated thus : 

If one straight line meets another the sum of the 2 adjacent 
angles must be 2 right angles (or 180°). 

Also note that if a line rotate from the position OX through 
OP to OX', the angle turned through is 2 right angles ; but 
this angle may be described by first turning through the 
acute angle XOP and afterwards through the obtuse angle 

POX'. A A 

Thus XOP + POX’ = 2 rt. angles. 

The two angles XOP and POX', which together make up 
180°, are said to be Supplementary, and either angle is said 
to be the Supplement of the other. 




SUPPLEMENTARY ANGLES 37 

It should also be noticed that the drawing has not proved 
the Fact!; it has verified it ii? six cases, and has thus suggested 
that the Fact stated is probably true. • • 

Cor. 1. . 

AOKi + KjOKj + K 2 OK 3 + K 3 OK 4 + K,OB =-1 H0° (Fig. 76). 




Cor. 2. 

AOK, + K,OK s + K 2 OK 3 + K,OK 4 + K 4 OK. + K s OA 4 right angles 

360° (Fig. 77). 


FACT 2. 

Think of any two angles whiclj arc supplementary, say 42° 
and 138°. 

* A 

From a point O in a straight line OA make AOB=42°, 

A 

and on the opposite side of OA make AOC -138". On testing 



with the edge of a ruler it will be found that BOC is a straight 
line. 

Try the same again with angles 20° and 160°; 60° and 
120°; 80° and 100°. 
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•Then try non-supplementary angles 46° and 130°; 70° and 
120°; 30° and 160°; and test 'these cases with the edge of 
a ruler. 

You will now credit the Geometrical Fact: 

If at a point in a straight line, two other straight lines, 
on opposite sides of it, make the sum of the adjacent angles 
equal to two right angles, these two other straight lines 
must be in one and the same straight line. 

Cor. If three (or more) angles 
AOB + BOC+COD = 180°, 
then DOA must be a straight line. 

D O A 

Fio. 79. 

FACT 3. 

Draw six pairs of straight lines intersecting each other, 
such as AOH and BOK. 

Measure the angles AOB, AOK, KOH, HOB ; in every case 
it will be found that AOB = KOH and KOA - BOH. 


B 


H 

Fio. SO. 




The Geometrical Fact is : 

If two straight lines intersect, the vertically opposite 
angles must be equal. 

It may be noticed that if the line KOB rotates round O 
into the position HOA, then the arms OB and OK, in moving 
into their new positions OA and OH, obviously rotate through 
equal angles AOB and KOH. 
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EXERCISE 9. 

1. In Fig. 81 there are 0 pairs of equal angles ; state which they 
are, and give a reason. 




l-ic 82. 


2. In Fig 82 the angles marked a are equal. Somebody states 

AAA A A A 

that b-e : that g is greater than h ; that c is less than d. 

Arc any of these statements true p Give precise reasons for your 
answer in each case. 

3. In Fig 83 a student is set to measure 
the angle «?, and gives as his result 140 . 

Is he correct ? Do not measure, but simply 
give a reason for your answer. 



Fig. 83. 


4. Draw an angle of 40° ; produce one arm backwards and 
measure the angle thus formed. 

Repeat for angles of 20°, 00°, 84 

5. Draw a straight line and tak£ any point in it; from the point 
draw two dotted lines on opposite sides of the first line, making 
angles of 02° and 116° with it. 

The dotted lines will be nearly in one 
straight line, but not quite. Write an 
explanation of this. • # 

6. Draw an angle of 70°; produce both 
arms backwards; measure and write down 
the three other angles now formed. 

Repeat for an’angle of 100°. 

7. The line PQ is known to bisect the 
angle AOC ; can you give any reason for 
determining whether it will or will not 

bisect DOB? (Fig. 84). Do. 84. 

8. What are the supplements of the angles 2°, 100° 39°, 28°, 90®, 
80°, 48° ? 
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9. With Fig. 85, give the following values to the angles CBD and 
DBA ; in which calses will CBA be a^raight line ? 

(a) 152°, 28°, (/>) 143°, 42°; (c) 117°, 02° , 

• (d) 133°, 57°, (e) 128°, 52°. 



10. Angle AOC <»2", COB 118°, and OP, OQ bisect angles AOC, 
COB respectively Write down the \allies of the angles POC, COQ, 
POQ. Thence piove generally that tin- bisectors of the adjacent 
angles which one straight line makes with another arc at right 
angles (Fig 8(5) 

11. Prove that the bisectors of two vcrtu.dly opposite angles are 
in one straight line 

12. ABC is a triangle hawng the .mgle ABC equal to the angle 
ACB, and the sides AB and AC aie produced to D and E respectively. 
Prove that the angle DBC is equal to the angle ECB. 

13. A, B, C are thiee points in a stiaight line AP and BQ, are 

A A 

drawn so that PAC - QBC. Prose that 

A A 

PAC t Q.BA two right angles 

14. ABC is a tdangle having f the side BC produced to D ; it is 
given that tin* angle ACD is equal to the sum of the angles BAC and 
ABC. I'rove that the three angles of the triangle arc together equal 
to two right angles. 


Parallel straight lines are defined to be straight lines, in 
the same plane, which do not meet, however far they are 
produced in either direction. 

Let PA, be a line passing through 
a given pt. P and intersecting a 
given straight line XY in A,. 

As PA, rotates about P in a 
clockwise direction, the angle PAY 
becomes smaller and smaller, the 
point of intersection A moves 
farther and farther away from Y, and PA approaches more 
and more nearly to the direction of YX, 
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It will probably be accepted as obvious that PA eventually' 
reaches *a position PR in which, however far it is produced 
cither way, it does not meet XY. 

This limiting position RPS is a line parallel’to XY. * 

If the rotation is continued beyond this one position, then 
the line AP produced will meet XY 
produced'towards the right. R. 

This result is enunciated in llay- 
fair's Axiom , 

Through a given point one straight — 
line, ami only one, can he drawn 
parallel to a given straight line. 


P 



A, Y 


I k.. 8K. 


FACT 4. 

A 

Draw AOB of any magnitude, say 10 . Produce OA to Q ; 




/Q 


make QAC also eijunl to 111 . 

Then produce CA and BO as 
much as possible, and notice that 
they never appear to approach 
each other, i.e. they are parallel. ^ 

Do this six times, varying the O * B 

angle, and produce the lines* as >'>'■ s». 

far as possible. You will notice 
these lines show no appearance of being likely to meet. 

The equal angles QAC, AOB aie called Corresponding 


The Geometrical Pact is 


If a straight line meets two straight lines and makes the 
corresponding* angles equal, the two straight lines are 
parallel, 

Suppose two men walk along OAQ; and at 0 one man 
turns 40° to the right along OB, and at A the other turns 40° 
to the right along AC. They will then be walking along 
Parallel lines OB, AC. 
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FACT 

Draw AOB of any magnitude, say 60°. Make at A the 
angle CAO also 50°. 

Then produce the lines BO and CA 
as far as you can, and notice that 
they never appear to approach each 
other, i.e. that they are in the same 
direction or parallel. 

The equal angles CAO and AOB, on opposite sides of AO, 
are called Alternate angles. 

The Geometrical Fact is : 

If a straight line meets two straight lines and makes the 
alternate angles equal, the straight lines must be parallel, 

A man walking along HO might turn 50° to the left at 0 
and then walk along OA ; if at A he turns 50° to the right, 
he will then be walking along a line AK parallel to HO. 



FACT 6. 

A A 

Draw AOB of any magnitude, say 35°. Make OAC the 
supplement, viz. 145°. 



Fio. dl. 


Then produce the lines CA and BO as, much as possible. 

Do this six times, varying the angle, and notice again how 
the lines never approach each other. 

The Geometrical Fact is: 

If a straight line meets two straight lines and makes the 
sum of the two interior angles on one side of the line equal to 
two right angles, the two straight lines must be parallel. 
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A * ij A 

Also, since DAO (the supplement of OAC) -180° -145° 

* =35° 

= AOB, 

the alternate angles DAO and AOB are equal. Fact 5 tells 
us the lines are parallel. 

FACT 7. 

Draw any pair of parallel lines, by moving the set square 
along the edge of the ruler as in Fig. 92. 

The two parallel lines AB and A'B' should be produced as 
much as possible. 



Draw any cross line PQ as in Fig. 93. 
Measure the angles a, b, c, d. 


Notice c = b, a-b, ' b+d = \H0°. 

Do this six times, varying the slope of PQ. 

The Geometrical Fact is : 

If a straight line cuts two parallel straight lines, 

(i) the corresponding angles are equal, 

(ii) the alternate angles are equal, 

(iii) the sum of the two interior angles on the same ride 

of the line must be two right angles. 
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We may deduce these results from Playfair's Axiom. 
Let MTRN cut the two parallel lines AB and CD. 

Then we have to prove that 


N 

Fig. 04. 

(0 ATR TRD and BTR TRC, 

(u) MTB - TRD, 

(m) BTR i TRD -180°. 

A A 

Proof, (l) Suppose ATR is not equal to TRD . let KT be the line 

A A 

which makes KTR alternate TRD. 

Then by Pact f», KT must be || to CD , 

AT ami KT are both || to CD. which is contrary to Playfair's 
Axiom; a a 

ATR i TRD. 

A A 

(u) Now ATR -the vetticallv opposite MTB ; 

MTB TRD 

(iii) Also ATR + BTR - 180°, ' 

TRD 4 BTR 180°. 

Cor. Straight lines which are parallel to the same straight 
line are parallel to one another. 

Suppose tile lines AB and CD 
are eacli parallel to XY, 

Draw EH cutting the lines at 
F, G, H. 

AB is parallel to XY, 

A A 

EFB = corresponding GHY. 

V CD is parallel to XY, 

A A Fic. M. 

FGD = corresponding GHY, 

A A 

EFB «corresponding FGD ; AB is parallel to CO. 
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EXERCISE 10. 

• •* 

1. Given one angle 58°, find all the other angles if P and Q aie 
parallel (Fig. 90). 



Fig '.m 11>. y;. 


2. In Fig. 97, somebody measures the angles thus, B -145°, 
C -35% Without measuring, stale whether In* is correct or not. 
Give reasons 

3. Two men start walking fiom the same point, the first due 
North and the second due Last, the latter, alter a while*, turns 
30° to the North, and later 60 to the North What is now the 
connection between then directions indicate by a sketch. 

4. Draw pairs of parallels as in I ig 98, and give all the angles 
which are equal, with reasons. 



Fig. 98 * 1"« i>'». 


5. If the lines AB and CD are parallel, and AXY 32°, YZC -44% 
what is the angle XYZ i (I*ig. 99). 

6. Find the angle XYZ if BXY =54% DZY - 38% and AB, CD are 
parallel (Fig. 100). 



D Y B C 


Fig. 100. Fig. 101. 


7. PQ is parallel to BC. If ABC =02% ACB =68% find the three 
•ogles BAP. BAC, CAQ (Fig. 101). 
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8. If a straight line is perpendicular to one of two parallel straight 

lines, it is perpendicular to the othi^ t , 

9. If one pair of straight lines AB, BC, are respectively parallel 
to«another pair of straight lines, DE, EF, the acute angle between one 
pair must be equal to the acute angle between the other pair (Fig. 102). 



E F Q C 


Fic. 102. Fic. 103. 

10. If the bisector CD of an extenor angle of a triangle is parallel 
to the opposite side BA, the triangle must have two of its angles 
equal (Fig. 103). 

11. Through C a line is drawn making TCA--A; is there any 
relation between the lines AB and TC ? Give reasons for your 

answer. Why is TCD =ABC ? (Fig. 104). 



BCD Q R S 


Fic. 104. Fic. 105. 

A A 

12. Through R (in Fig. 105), a line is drawn making KRS =Q; is 
there any relation between the lines PQ and KR ? Give reasons. 

13. In Fig. 106 the angles are equal as marked. What do you 
know about AB and DC, and about AD and BC ? 



Fio. 100. Fio. 107. 


14. Draw pairs of parallels as in Fig. 107 ; join AB, and mention 
*two pairs of equal angles. 

Do you think Parallelogram a good name for the fig. ACBD ? 
Give a reason. 

16. If the opposite sides of a quadrilateral are parallel, and if one . 
angle is a right angle, all the angles must be right angles. 

16. If the opposite sides of a quadrilateral are parallel, the opposite 
angles must be equal. 
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17. In Fig. 108, XAY is parallel to BC ; ABC =.42'. ACB-68*. 
Find the*angles PAX, XAB, OAt, YAC 



19. Draw an angle BAC 00° and make AB AC .tuns. Through 
B and C draw lines BD and CD parallel to AC and AB respectively. 
Join AD, BC, cutting in E Measure the four angles at E and the 
lengths of BC, AD. The figure ABCD is called a Rhombus. 


By means of Fact 5 we have a method of drawing through 
a given point a line parallel to a given 
line, without using a set square. 

Suppose it is required to draw 
through P a line parallel to XY. 

Join P to any point A on the line. 

By the method given on page 20 
make the angle APB = angle PAY ; produce BP to C. 

Then because APB-alt. PAY, it follows that BC || XY. 



Fro. 110. 


Draw a line PQ, and*along i t t measure any number of equal 
distances PA, AB, BC. 

By means of a set square and ruler, 
draw parallel lines through A, B, C. 

Through P draw any straight line cutting 
these parallel lines in R, 8, T. 

By measuring, it will be found that 
PR -R8 = ST. 

This suggests a method of dividing a 
finite straight line into any number of equal parts. 



Flo. I1L 
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Suppose it is required to divide AB into 4 equal parts. 

Through A draw AX at any angfc. 

Along AX rtjark off 4 equal parts 
AC*CD, DE, EF, of any convenient 
length. 

Join BF. 

Through C, D, E, draw lines CG, 

DH, EK || FB. 

Then AG, GH, hk, KB are equal to one another. 

(For Proof, see Theorem 15.) 

EXERCISE 11. 

1. Draw a straight lmo 11*5 nils long, and by construction divide 
it into equal parts Measure the lengths of the three parts. 

2. Divide a straight line .'1-7 ini lies m length into 7 equal parts 
by a geometrical construe turn, and measure the length of a straight 
line AB made up of the sum of three of these divisions 

3. Draw a line AB 3$ niches in length . at A and B erect perpen¬ 
diculars AD, BC each equal to 3A m< lies , join DC The ligure ABCD 
is a square Bv means of a geometrical construction divide AB and 
DC each into three equal parts at the points X, Y, P, Q, 

Join QX, and measure its length 

4. Draw a triangle ABC so tli.it AB .‘H ins, AC ; 2 ins , BC — 4 ins. 
Through C and B draw CD, BD parallel to AB, AC rcspei tivcly. 

By a geometrical construction divide AB into 3 equal parts at 
E and F. Join DE, and measure its length. 

5. Draw an equilateral triangle ABC each side 5 cms. long. By 
a geometrical construction trisect AB at P, Q. Thence trisect AC, 
CB at R, S and T, V respectively ( K ig 113). 

loin PR, ST, VQ The figure QPRSTV is called a hexagon. 

Measure PR, ST, VQ. 


A P Q B B X C 

Fro. 113. Fig. 114. 

0. Draw a A ABC with BC, CA. AB respectively equal to 5-4, 4*0, 
3-8 cms. (Fig. 114). 

By geometrical constructions bisect BC at X, join XA, and trisect 
XA at P, Q. 

Join BP, CP, and produce to R, S. 

Measure AR, RC, AS, SB. 
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7. Draw a line AC 7*5 cms. long, and divide it into 7 equal parts 
by a geometrical construction (j r «g 115). 

Construct a four-sided figure ABCD, of 
which the above line is one diagonal 
from the following data : 

BD cuts at 0, so that AO is three- 

A 

sevenths of AC, A0-4-4 cms , AOB -47°, 

BCD 59°. ‘Measure BD. # 

8. Construt t a quadrilateral (a four 

sided figure) ABCD from the following 
data. AB -5*2 cms, AD 10-8 cms. Pic. 116 . 

A 

BAD -80°, and the diagonals AC, BD are equal and include an 
angle of 04° Measure CD 

ANGLES OF A TRIANGLE AND POLYGON. 

(i) Let a man stait walking from A to B, and on arriving 
at B turn along the direction BC ; he will thus turn through 
the angle marked b. 

On arriving at C, let him turn 
along CA ; lie will here turn 
through the angle marked c. 

On arriving at A, let him turn 
along the original line AB ; he will 
here turn through the angle 
marked a. 1 ,G ' i«- 

Since he is now facing in his (4-igin.il direction, and he has 
been turning to the left at each corner, it follows that lie has 
turned through 4 right angles ; 

a + 6 + c = 4 right angles. 

.'. by Fact 1, 

(2 rt, angles -CA6) t (2 rt. angles - ABC) 

A 

+ (2 rt. angles - BCA) =4 rt. angles ; 

CAB + ABC + BCA = 2 rt. angles. 

(ii) If the angles A, B, C are measured by a protractor, we 
find that their sum is 180°. 

The Geometrical Fact is : 

The sum of the three angles of any triangle must be two 
right angles or 180°. 

We shall now give a more formal proof of this result. 

•e.s.o. d 





80 ' SHORTER GEOMETRY 

< l 

THEOREM 1. 

The sum. of the three angles of any triangle must be two 
nght angles. 

Let ABC be a triangle. 

Wc have to prove that 

A + B + C- 180°. 

Construction. Produce BC to D, 
and through C draw CK j| BA. 

Proof. Since CK |j BA, 

KCA - alt. BAC, 

A A 

and KCD --- corr. ABC. 

BAC + ABC + BCA -- KCA + KCD + ACB 

-180°, since BCD is a straight line. 

Cor. 1. If one side of a triangle is produced, the exterior 
angle so formed is equal to the sum of the interior opposite 
angles. 

From the above proof we see that 

A + B ~ KCA + KCD -- ACD ; 

hence the exterior angle of a a is > either of the interior 
opposite angles. 

Cor. 2. If two triangles'have two angles of the one equal to 
two angles of the other, each to each, then the third angles an 
also equal. 



Fio. 118. 


A A A A 

If A = D, B *=E, then 

A A A A A 

F = 180° - D - E = 180° - A - B 


A 

K 


B CD 

Fio. 117. 


A 



F 
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Cor. 3. In a right-angled triangle ( i.e . a A having one 
angle 00°), •• 

(i) the right angle is the greatest angle. • • 

(ii) the sum of the remaining angles is equal to a right angle. 

Since •A+B+C-180 0 and C^90°, 

A A 

a + b=;k> 0 , 

and consequently A and B are each < 90°. 

If the sum of two angles, such as A and B, is one right 
angle, they are said to be complementary. 

A 

A 


X B C V 
Fia. 110. Fig. ISO. 

Cor. 4. Only one perp. can he drawn to a straight line 
from an external point. 

Suppose that both AB and AC are perps. from A to the line 

XY. then, since ABC 4 BCA = two rt. angles, it would follow 
that the three angles of ABC •would be greater than two 
rt. angles. , 

Since this result is impossible, it follows that AB and AC 
cannot both be perp. to XY. 




EXERCISE 12. 

1. If 2 angles of a triangle are 30° and 40”, find the third angle. 


2 . 


3. 

4 . 


5 . 

6 . 


7 . 


80° and 00“ 
02“ and 74“ 
23° and 113° 
40° and 50° 
20° and 70° 
30° and 60° 


8. If in a right-angled triangle, one of the angles is 23°, what 
is the other acute angle ? 
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9. If in a right-angled triangle one of the angles is x°, what is 
the other acute angle ? • # 

10. If the angles of a triangle contain x, x, 2x degrees respectively, 
M*iat is the vhlue of x ? 

11. If the three angles of a triangle are equal, how t many degrees 

does each contain ? „ 

12. If the smallest angle of a triangle contains 24° and the other 
two are equal, what is the size of eacli ? 

13. An exterior angle of a A is 120°, and one 

of the interior angles is 20°. Find the other - 

two angles of the triangle. Fig. 121. 

14. In the triangle ABC, which are the interior opposite angles to 
DAC. EAB, ABF, ACK. CBQ, BCH, respectively ? (Fig. 122). 



Fig. 122. Fig. 123 


15. The angles of a A ABC being 30°, 40°, 110°, find the exterior 
angles ACX. CBZ, BAY (Fig. 123). 

16. Draw any four sided figure, and by joining two of the opposite 
corners, find the sum of the four angles of the figure. 

Prove that, if the opposite angles of a quadrilateral arc equal, its 
opposite sides are parallel. 

17. In a triangle ABC, CA is produced to D. AE, CE bisect angles 
BAD, ACB respectively (Fig. 124). 

If the angles A, B. C are 72°, 66°, 42°, find the angle AEG. 

[Note that angle DAE is exterior angle of AAEC.] 





Fig. 124. Fig. 125. 


18. Draw any triangle ABC. and through A draw DAE parallel to 
BC. What is the connection between the angles DAB and ABC, and 
also between EAC and ACB ? From this result prove that the three 
angles of the triangle ABC equal two right angles (Fig. 125). 


V 
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19. AO, BO, CO bisect the angles A, B, C of a triangle ABC. 

If A. B, C are equal to 08°, 84$,*48° respectively, find the values of 
the angles AOB, BOC, COA (Fig. 126). 



B C B R C 


Fio. 126. Fio. 127. 

20. P is any point inside the triangle ABC and PR, PS, PT are perp. 
to BC, CA, AB respectively (Fig. 127). 

If the angles SPT, RPT, SPR equal 124°, 138", US 1 ' respectively, 
find the values of the angles A, B, C. ,See Qn 16 ) 

Cl. In the triangle ABC, BD Insects the angle B. If A-67*, 
ADB =78°, find the \alues of the angles B and C (Fig 128). 



B C B V X C 


Fio 126. Fio. 12». 

22. In the triangle ABC, AX Insects the angle A and AY is perp. to 

A A 

BC If B -50° and C --34°, find thc # values of the angles BAC, BAY, 
XAY, AXB. 

23. Draw a straight line of length*3*fi centimetres ; on it describe 
a triangle having one of the base angles three times and the other 
base angle six times the angle at the vertex. Measure the lengths 
of the sides in centimetres. 



Fio. 130. 


24. The sides AB, BC, CA of a triangle are produced in order to 
D, E, F respectively. The angle CBD -110°, and the angle ACB = 75*. 
Calculate the angles BAF, ACE (Fig. 130). 



■ 1 
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A convex polygon is one in which each angle is less than 
two right angles. ' ‘ ' 

• 

THEOREM 2. 

f 

In a polygon of n sides, the sum of the interior angles 
is equal to (2n - 4) right angles. 

Let ABCDEFG be any polygon 
with n sides. 

Then we have to prove that 

A A A A 

A + B +C -f D + ... 

= (2m- 4) right angles. 

Construction. Take any point 0 
inside the polygon and join OA, 

OB, OC, etc., forming n triangles 
OAB, OGA, etc. 



Proof. Since the sum of the anglesof a triangle = 2rt. angles, 
the sum of the angles of n triangles =2» rt. angles, 
i.e. all the angles 1, 2, 3, etc. + angles a, b, c, etc. =2 n rt. 
angles, 

all the angles 1, 2, 3, etc. +4 rt. angles = 2m rt. angles; 
all the angles 1, 2, 3, etc. =(2» -4) rt. angles, 

AAA 

i.e. A +B +C + (2»-4) rt. angles. 


Cor. // the sides of any convex polygon are produced in 
order, the sum of all the exterior angles is four right angles. 

Suppose the polygon hasresides. 

Since the angles l+«=2+ &=... 

=2 rt. angles, 
angles 1, 2, 3, etc. +a, b, c, 
etc. 

=2n rt. angles; 
but angles a, b, c, etc. 

= {2»-4) rt. angles; 
angles 1, 2, 3, etc. 

+ (2» -4) rt. angles 
-2« rt. angles; 

sum of ext. angles 1,2,3, etc. -4rt. angles. 




ANGLES OF A POLYGON W 

By a method similar to that in Section (i) on page 49, 
if a man walk completely rehnd the polygon, he will turn 
through 4 rt. angles, and this turn will be made up of the 
separate turns 1, 2,... 6. 

The sum T>f all the angles in 

a Quadrilateral - (8 4} right angles 4 right angles, 

a Pentagon = (10 - 4) right angles - <5 right angles, 

a Hexagon = (12 - 4) right angles - 8 right angles, 

a Heptagon -- (14 - 4) right angles - 10 right angles, 

an Octagon --(Mi-4) right angles -12 right angles, 
and so on. 


Thus, an angle in 

a regular Quadrilateral 
a regular Pentagon 
a regular Hexagon 
a regular Heptagon 
a regular Octagon 


- * v 1 right angle = 00 °, 
--- 5 light angle - 108°, 
right angle = 120 s , 

= right angles I28i°, 

=- right angle --135°. 


EXERCISE 13. 

1. Draw any quadrilateral, measure all the angles, and add 
them up. 

2. Draw any pentagon {.1 sided figure), measure all the angles, 
and add them up. 

3. Draw any hexagon (6-sided figure). measure all the angles, 
and add them up. 

4. Draw any octagon (8 sided figure), measure all the angles, 
and add them up. 

5. If the angle of a regular polygon contains rt. angle, how 
many sides has it ? 

6. If the angle of a regular polygon contains 150°, how many 

tides has it ? • 

7. Find the number of sides in a regular polygon given that each 


angle contains 144°. 

8 The magnitudes of the angles of a quadrilateral are propor¬ 
tional to the numbers 3, 4. 5, 8. Find their magnitudes. 


9. If five of the angles of a hexagon are 88°, 102°, 115°, 150°, 170° 
respectively, what is the magnitude of the sixth angle I 

10. The sum of 5 angles of a polygon is 860°, and the other angles 
an each 125°. Find the number of sides. 
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• 11. Draw any circle, mark off 1 chord equal to the radius ; from 

one end of this chord stake off another equal chord, and so on. 
Measure each angle in the figure yod get. 0 

J2. AB, BC,.CD are three consecutive sides of a regular five-sided 
figure. AB and DC when produced meet at F. Calculate the 
number of degrees in the angle AFD and each angle of* the triangle 
ABE. 

Prove that BE is parallel to CD. 

r 

CONGRUENT TRIANGLES. 

Wc have already worked out a number of problems in 
which it was necessary to construct a triangle, and we 
should have noticed that in all cases it was essential to know 
3 elements of that triangle. We have constructed triangles 
in which we knew 

(i) 2 sides mid the included angle (Fact 8), 

(ii) 2 angles and 1 side (Fact!)), 

(iii) 3 sides (Fact 10) ; 

and shall examine the further cases where we are given 

(iv) 2 sides and an angle opposite one side (p. 73), 

(v) 3 angles (p. 75). 


If two triangles arc equal in all respects, they are said 
to be congruent. 

FACT 8. 

A 

Draw an angle PAQ = 30°. Take AH = 4 cms.; AK = 5 cms. 
Join HK. 

You have now drawn 
a triangle AHK having 
two sides 4 and 5 cms. 
and the included angle 
30°. 

Try to draw another 
triangle BMD with these 
numbers, but of a dif- p 
ferent shape and size 
from AHK ; you will find 
this impossible; do not accept the statement that it is 


A 
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impossible without making an attempt; it is important 
that you should convince yHfrself of the impossibility. 

In fact the triangle can be drawn in one wpy only frpm 
the given data. 

The Geometrical Fact is: 

If two sides and the included angle of one triangle are 
equal to two sides and the included angle of another triangle, 
the triangles must be congruent. 


FACT 9. 

A 

. Draw a straight line AB !> erns. Make BAC 60° and 

A 

ABC =40°. You have now described a triangle with two 
angles 60° and 40°, and the side adjacent to them 5 cms. 



Draw a second A MHK with "the same numbers as A CAB ; 
the triangle is identical with the previous, since once more 
the triangle can be drawn in one way only with the given data. 

Since we have seen that the sum of the three angles of a 
triangle is 180°, it follows that if two triangles have two 
angles of one equal to two angles of the other, each to each, 
then the third angles must be equal also. In Fig. 134, this 

A A # 

means that C«=M, and the sides AB, HK are opposite these 
equal angles. 

The Geometrical Fact is: 


If two angles and one side of a triangle are respectively 
equal to two angles and the corresponding side of another 
triangle, the triangles must be congruent. 
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EXERCISE 14. 

• * 

1. Draw an angle of 40°; take a point 3*5 cms. along one arm 
and another point 2*5 cms. along the other arm. Join the two 
points. In the triangle so formed, measure the third side and the 
other two angles. 

2. Draw a tnangle with sides 8 and 4 cms., and having the 
included angle 62°. Measure the third side and the remaining 
angles. 

3. Draw a line BC 4 cms. long ; at B make an angle 60° and at C 
an angle 50°, and thus make a triangle ; measure the other two 
sides, 

4. Take the same question as the last, with the exception of 
making 00° at C and 50“ at B. Has this made any difference to the 
triangle formed ? Give reasons for your answer. 

5. Draw a triangle ABC with the sides AB and 
AC each equal to 5*4 cms. and the angle BAC -40°. 

Draw a line AD so that 

BAD -DAC -20°, 
i.e. a line bisecting the angle BAC. 

Measure each of the angles ABC, ACB, ADB, 

ADC. What connection do you observe between 
them ? 

6. ABCD is a square, so that all its sides are equal and all its angles 
right angles. If E is the middle point of AD, prove that EB =EC. 
[Compare the A* EBA, ECD] (Fig. 136). 


A B 


D C 

Fie. 136. 

7. ABCD is a square (Fig. 137); if E and F are the middle points 
of CD, AD respectively, prove that 

BE=BF and EBC = FBA. 



E_C 



A 



B D C 

Fig. 186. 


[Compare the A* BEC, BFA.] 
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8. Draw a line AB 4*4 cms. long, and construct the angles BAC, 
ABD each^equal to 40°; makeeAC =B0 =2*6 cms.; join DA, CB. 

AAA A 

Prove that AD =CB, D -C, DAC -CBD. Verify by. measurement. 



D B D C 

Fic 133. Fig. 130. 


9. In the triangle ABC it i*> given that B C, and that BAD-CAD. 
Prove that the triangle is isosceles and that AD bisects BC at right 
angles (Fig. 139) 

10. In a quadrilateral ABCD, the diagonal AC bisects the angles 

A A 

BAD and BCD. Prove that AB AD. CB - CD and B D. 

11. The triangles ABC and A'BC are on the same side of their 
cbmmon base BC, and the angle A'BC equals the angle ACB, and the 
angle A'CB equals the angle ABC , also AB and AC intersect in 0. 
Prove that the triangles AOC and A'OB arc congruent. 

12. ABCD is a square. Points P, Q. are taken in the sides BA, BC 
respectively, such that BP BQ. AQ, CP cut at 0. Prove that 
AO =OC. 

13. The bisector of an angle of ^ triangle is perpendicular to the 

opposite side. Prove that the triangle must have two of its sides 
equal. • 

14. A triangle has two equal angles ; through the third angle a 
line is drawn perpendicular to the opposite side. Prove that this 
perpendicular must bisect the opposite side. 

15. ABC is an isosceles* triangle having AB - AC. If AD bisects 
the angle BAC and meets the base at D, prove that the triangle* 

A A 

ABD and ACD are congruent, and that in particular B =C, and also 
BD =CD. 

* A A 

18. ABC is a triangle having ABC ~ACB. X and Y are points in 
AB and AC respectively, such that BX ~ CY. Prove that X and Y 
are equidistant from the middle point of BC and that BY =CX. 

17. PQ is a straight line. PA and QB are drawn on the same side 
of PQ so that APQ =BQP =90°, and AP =BQ. Prove that AQ~BP. 

18. ABC is an isosceles triangle having AB = AC. P and Q are 
points in AB and AC such that AP -AQ. Prove that PC «QB. 

■ * • 
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19. A triangle ABC is turned over about its side BC as a hinge. 
Prove that the line joining the new auvl old 
positions of A is bisected by BC (Fig. 140). 

2t). ABCD is* a quadrilateral, and BD a 

A A 

diagonal. AB - CD and ABD -BDC. Prove 
that the triangles ABD and CDB arc con- 

A A 

gruent, ami that in particular A C and 
AD -BC. 

21. ABCD is a quadrilateral with AC a 

A A A A 

diagonal; BAC DCA; BCA DAC Prove 
that AB CD. HC HU - 

22. PQRS is a quadrilateral such that the diagonal QS bisects 
the angles at Q and S Prove that the diagonals PR and QS are 
at right angles 

A A 

23. ABC is a triangle having B C, and the base BC is trisected 
at H, K ; BAH -CAK Prove that AH AK 

24. Justify the following two methods of find* 
ing the breadth of a river : 

(i) From A observe the opposite point B on 
the further bank, and pace oil any distance AD 
at rt. angles to AB. From D observe the angle 
ADB, then by fixing a post at P mark a direction 

DPC, so that ADC - ADB (Fig 141) 

Finally, find a point C, which is in the same 
straight line with D, P, and als' > in a straight 
line with A, B AC gives the breadth of the river. 

(n) Take a point B opposite to a poirt A 
on the further bank. Walk off in a direction 
BCD at rt angles to AB, and mark oft any 
distance BC, and take D so that CD -CB. 

Then walk off along DE at rt angles to DB 
and take E, so that ECA is a straight line 
DE gives the breadth of the river (Fig. 142). Fig. 142. 

25. In a triangle ABC. EO, DO bisect AB, BC at right angles respec¬ 
tively. ProvethatOA =OB -OC (Fig. 143). a 

26. Construct a rectangle (a quad¬ 
rilateral with all the angles rt angles and 
the opposite sides equal) ABCD such 
that AB = 3 ins., BC = 2 ins. Bisect the 
four angles by straight lines AP, BP meeting 
at P and CQ, DQ meeting at Q Measure 
PQ. Then prove, withoat measurement, B 
that AP, BP, CQ, DQ are all equal. 
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27. BAC is any angle. P and M are points on AB and Q and N are* 
points on AC, such that AP - and AM = AN 

If PN, UM cut at 8, prove that AS bisects the angle BAC (Mg. 144). 




28. In a triangle ABC, the angles at B and C are equal, and CD, 
BE are perpendicular to AB, AC respectively Prove that BD CE 
and CD-BE (Mg 145) 

29. ABCD is a parallelogram (i t a four sided figure with its 

opposite sides parallel) Prove that AB - CD, BC AD and A = C. 
S'ole. Join BD. 

30. ABC is a and a line parallel to BC meets AB in D, and AC 
in E F is a point m AB sin h that BF - AD, and FG is drawn parallel 
to AC to meet BC at G Prove that BG DE 


SYMMETRY. 


It is possible in plane geometry for a figure to be 
symmetrical about a line (or axis), or about a point. 

(i) Symmetry about a Hue. 



In the cases shown of an isosceles triangle, circle, regular 
pentagon and horse-shoe, there is symmetry about the 
dotted line, and if the figure is cut out and folded about 
the dotted line, then the right-hand half fits exactly on the 
left-hand half. Conversely, if a piece of paper is folded 






62 SHORTER GEOMETRY 

and any figure cut out witif the paper doubled, then on 
unfolding, a symmetrical figure 4s obtained, the crease being 
the axis of symmetry. . x 

*If a point A is taken on a piece of paper 
which is folded about XY, and the new position 
of A is B, then on joining AB (intersectiftg the 
crease in P) and folding up again, PA lies' g 


iy 

Flo. 147. 


up again, 

A 

exactly on PB and APX lies exactly on BPX, from 

A A 

which we conclude that PA-PB and APX = BPX 
=90°, since APB is a straight line. 

A and B are symmetrically situated with respect to XY, 
and have the same relation as an object and its image 
when seen in a plane mirror. 

It follows that, in any figure symmetrical 
about XY, if we take any point A on the 
right-hand half and draw a perpendicular AP 
to XY, then AP produced meets the left- 
hand half in a point B, such that 
AP = BP, 

APX=BPX=!)0°. 



If we find the image of a line AC in XY, we obtain BC, 
where as before PA^PB. Corresponding to any point R 
on AC, there will be a point Q on BC, where RS=SQ. 

’ IX 



Fig. 149. 


(ii) Symmetry about a point. 

The best known case is that of a circle about its centre, 
but others are shown in the accompanying diagrams, each 
figure being symmetrical about 0; they may be considered 
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as symmetrical about an a'Jis passtfig through 0 at righf 
angles tp the plane of the» paper. 



To any point, such as A, corresponds another point B, 
where OA =OB. 


EXERCISE 15. 

1. Indicate by a dotted line the lines of symmetry in (i) a kite, 



(ii) a rhombus, (in) segment of a circle, (iv) sector of a circle ; also 
state if these figures are symmetrical about any point, and if so, 
which. 


2. Indicate by rough diagrams, the lines of symmetry in a cart 
wheel, cylinder, cone, cube, six-pointed star, five-pointed star, 
envelope; « 


3. Draw block capital letters A, B, C, etc , and 
indicate the axes of symmetry by*dotted lines 

4. Draw a line PQ on paper and through P 
draw' any line XY. Fold the paper about XY as a 
crease, and let the new position (or image) of PQ 
be PR, so that PQ = PR. Unfold again and join 
QR (Fig. 155). 

Notice that the APQR is isosceles. 

Since XY is an axis of symmetry, what do you know 
about the angles PQR, ^RQ ? (See Theorem 3.) 



Q jS R 
Y 

Fjo. 155. 


X 


5. Take any two points Q, R and bisect QR at 
right angles by XY. Then as we have already seen, 
XY is an axis of symmetry for Q and R. At Q 
and R draw equal angles and produce the arms to 
meet at P, then since the figure is symmetrical 
about XY, it follows that P, the point where the 
arms meet must be on XY. What is the connection 
between the lines PQ, PR ? (See Theorem 4.) 



Y 

Fig. 1M. 
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* I 

ISOSCELES TRIANGLES. 

• * 

THEOREM 3. 

If two sides of a triangle are equal, the opposite angles 
must also be equal. (See Ex. 15, 4.) 


P 



Q D R 


Fro. 157. 

Let PQR be a A having Pft = PR. 

Then we have to prove that 

PQR =PRQ. 

Hypothetical Construction. Suppose PD is the line which 

A 

bisects QPR. 

Proof. In the As PQD arid PRD, 

(i) PQ - PR, 

(ii) PD is common to both As, 

A A 

(iii) the included QPD = the included RPD ; 

aPQD.ssAPRD, 

A A 

and in particular, PQD = PRD. 

Note (i) If the i triangle PQR is equilateral, then P=Q=R; 
but since the sum of these angles is 180°, it follows that each 
angle of an equilateral triangle = 60°. 

(ii) PD bisects QR at right angles. 


(Hypoth.) 

(Constr.) 
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i 

• THEOREM 4. 

If two angles of a triangle are equal, the sides opposite 
those angle§ must be equal. (See Ex. 15. 5.) 

• P 



Q D R 


Flo. 158. 

A A 

Let PQR be a A having PQR = PRQ. 

Then we have to prove that PQ = PR. 

Hypothetical Construction. Suppose PD is the line which 

A 

bisects QPR. 

Proof. In the as PQD and PRD, 

(i) PQD =PRD, (Hypoth.) 

(ii) QPD^RPD, (Constr.) 

. (iii) PD is common to both As ; 

A.PQD :=r,PRD, (2 angles, 1 side) 

and in particular, PQ =»PR. 

N.B .—This theorem is the converse of Theorem 3. 

The results contained in Theorems 3 and 4 can be illus¬ 
trated by two ordinary set squares, which are equal in all 
respects. ’ a 


BOO* 

Fig. 159. 

If they are placed with their short sides coincident, then 
BDC will be a straight line since the angles ADB and ADC 
are each 90°. A A 

Thus ABC is an isosceles a, and AB = AC, B - C ; moreover 
AD, which bisects angle BAC, bisects BC at rt. angles. 

Wo. E 
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EOMETRY 


EXERCIf^ 16. 

1. If each of the base angles of an isosceles triangle ABC is 55°, 
wfcat is the size of the vertical angle ? 

2. If the vertical angle of an isosceles A is 

C4°, what is the size of each of the base 
angles ? , 

3. Given that the vertical angle of an isosceles 
A is 142°, what is the size of each of the base 
angles ? 

4. If the vertical angle of an isosceles A is 
90°, what is the size of each of the base 
angles ? 

5. If one angle of an isosceles A is 50°, find the other angles, 
showing that there are 2 solutions. 


A 



B C 


Fig. 100. 


6. If the base BC of an isosceles A is produced to D, and angle 
BAC-32 0 , find the \alues of the angles ABC and ACD (Fig. 161). 



BCD D 0 

Fig. 101. Fig. 102. 


7. In a square ABCD, what angles docs the diagonal AC make 
with the sides 5 (Fig. 162). 

8. In the Fig. of Qn 6. if angle ACD-110°, find the values'of 
the angles ABC and BAC * 

A A 

9. Taken line AB ferns, long' At A and Bmake CAB~CBA = 50°. 
Measure AC and BC. 


10. From a point A in a line PQ draw a perpendicular AB to the 
line, making Ab f> cms. With B as centre, and radius 8 cms., draw 

a circle cutting PQ at H, K. Measure BHK and BKH. 

11. Draw XY 5*5 cms. long. With < entres X and Y and radii each 
equal to 4*2 cms , draw arcs meeting in P. With centres X and Y, 
and radii each equal to 6-8 cnis., draw arcs meeting on the same aide 
of XY in Q. Join PX, PY, QX, QY. 

Measure QXP, QYP, 


12. ABCD is a straight lifle, and P is a point outside it. Show 
that if PA-PD, and PB=PC, then AB=CD (Fig. 163). 


PQ P 
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IS. The eaual lines OK and eta bisect the angles K and M of a 
triangle jdKM. Prove that ttol triangle must bo isosceles. ^ 

14. XYZ is an isosceles triangle having XY-XZ., 
and OZ bisects Z. Prove that OY-OZ 

15. A qu&drilateral ABCD (Fig. 164) has AB- AD and 

* A A 

CB-CD. Prove that B-D. (Such a figure is called 
a kite) ' * 

16. ABCD is a quadrilateral having AB - AD and 
B=D. Prove that CB-CD 

17. Prove that if ABC is an isosceles triangle with 
AB = AC, and D, E, F be the middle points of BC, CA, 

AB, then DF~ DE. 

Thence if ABC is equilateral, prove that DEF is equilateral also. 

18. In a triangle ABC, if 0 is the middle pt. of AC and 
OB =OA=OC, prove that ABC-90° (Fig 165). 


B 



A 0 C 


lie. 165. 

19. In a triangle ABC, the side BA is produced to D ; show that, 
if the bisector of the angle CAD is parallel to BC, then the triangle 
ABC is isosceles. 

20. ABC is a triangle having th<» sides AB and AC equal, and from 
any point D in AC a straight line DE is drawn parallel to AB, meeting 
BC in E ; prove that DE and DC arc equal. 

21. ABC is an equilateral triangle. Points P, Q, R are taken in 
the sides AB, BC, CA respectively, so that AP BQ =CR. Prove that 
PQR is an equilateral triangle. 

22. If an isosceles A ABC has each of its base angles 72°, A being 
the vertex, and the angle C is bisected by a line meeting AB in D, 
prove that BC=CD=DA. 

23. The internal and external bisectors of an angle BAC meet a 
line through Cparallef to AB in P, Q. Prove that PC=CQ. 

24. AB is a straight line 3 inches in lengttf. Without using a 
protractor or set square, make an angle ABC = 120°, and measure oft 
BC=4 inches. Join AC and measure its length to the nearest tenth 
of an inch. 

(Remember that the angle of an equilateral A is 60°.) 

25. If two sides AB, AC of a triangle ABC are equal, and BD, CE 
are drawn perpendicular to AC, AB and intersecting atO, prove that 
AO bisects the angle A. 


OY bisects Y, 


A 



C 

Fig. 164. 



08 SHORTER GEOMETRY [E x . 18 

26. In a regular pentagon ABc6e, if 0 is the centre of the 0 
passing through the angular points, then 
remembering that all the sides of the pen- 
tagtgi are equal, what would you expect 
to be the size of each of the angles at 0 ? 

Thus find the size of all the other angles of the 
5 equal isosceles triangles 

27. Work out similar problems for a regular 

(i) hexagon, (a) heptagon, 

(in) octagon 

28. With centre A and radius AB a circle is drawn With centre B 
and equal radius an arc is drawn intersecting the first circle at C. 
Similarly from tent re C the point D is determined, and from centre D 
the point E Prove that BAE is a straight line (Fig. 107) 




lie. 106. 


29. 0 is the centre of a tirtle passing through the angular points 

of the triangle ABC If AOB, BOC. COA are respectively equal to 
150°, 140°, 70°, what are the sizes of the angles OAB, OBA, OBC, 
OCB, OCA, OAC 5 (Fig 108). 




tto. 169. 


30. In Fig. 101) the chord AB of the circle is produced to C so that 
BC is equal to the radius, and CL KM is drawn through the centre K 
of the circle 

Given that there is a simple relation between the angles MCA, 
MKA, find it, first taking MCA as 25°, then, generally, denoting MCA 
by x°. In each case sketch a large figure (not to scale) and write in 
each angle its value, showing with brief reasons how you determine 
the various angles. , 

Now apply the construction here suggested to trisect an angle 
MKA with the help of tracing paper. Draw a circle of 5 cms. radius, 
make the angle MKA 00°, and on the tracing paper draw a line CBZ 
of indefinite length, marking off CB equal to the radius 6 cms. State 
how you use the tracing paper in solving the problem and how yon 
test your result. (i4rmy.) 
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1 

CONGRUENT TRIANGLES. 

FACT 10. 

Draw ^line AB 6 eras. long. With A as centre and radius 
3 cms., draw part of a circle as in Fig. 1 TO. With B as centre 
and radius 5 cms., draw part of another circle. The two 
parts of the circle will meet at some point C ; join AC and BC. 
You have now described a triangle with sides 3, J> and 0 cms. 



A B D E 


It, 17m. 

Try to draw another triangle DEF with these numbers, 
but of a different size and shape from ABC. Convince your¬ 
self as to the impossibility of this. 

The Geometrical Fact is : 

If the three sides of one triangle are respectively equal to 
the three sides of another triangle, the triangles must be 
congruent. 

EXERCISE 17. 

1. Draw two triangles as above, using the numbers, 3, 5, 7 cms. 
Measure all three angles Cut the triangles out and see that they 
can be made to coincide. 

2. Repeat, using 2, 3, 4 inches 

3. Take AB=6cms . AC ~2 cms, BC-4cms, and notice that 
the triangle is a failure. 

4. Take AB^6 cms 4 , AB = 2 cms , BC^3 cms. Again notice the 
failure. 

Observe that any two sides of a triangle must be together greater than 
the third side. 

5. Describe a triangle with sides 5, 5, 5 cms Measure the 
angles. Join one angular point to the middle point of the opposite 
side and measure this line. 

6. Describe a triangle with sides 2*6, 3-8, 4-2 cms Bisect each 
side and join the points of bisection. Measure the sides of this 
smaller triangle. 
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7. A quadrilateral has its opposite sides equal. Prove that 
either diagonal divides the quadrilateral into two congruent triangles 
and that the opposite sides of the quadrilateral are parallel. 

t. Prove thht either diagonal of a quadrilateral with four 
equal sides ( i.e. a rhombus or a square) bisects the angles through 
which it passes, and that the diagonals bisect one another at right 
angles. ' 

9. Two isosceles triangles stand on the same base and on the 
same side of it. Prove that the'line joining the vertices must bisect 
the vertical angles and, if produced, bisect the base. 

10. Three straight lines (Fig. 171) AOP, BOQ, COR are drawn 
through 0, so that OA OP, OB OQ, OC^OR- Prove that 
AABC-APQR. 



11. D, E, F are the middle points of the sides BC, CA, AB, of a 
triangle ABC FO. EO are perp. to AB, AC respectively, and 0. D 
are joined. Prove thutOD is perp. to BC (Fig 172). 

(JoinOA, OB. OC.) 

12. Two circles with centres at'A and B 
intersect at X and Y. AX. AY, BX, BY are 
joined. Trove that AB bisects the angles 

XAY and XBY. 

If XY cuts AB in Z, also prove that 
XZ=ZY and that XY and AB are at right 
angles (Fig. 173). 

13. ABCD is a quadrilateral. The diagonals AC and DB intersect 
at K. AD = CB and AC- DB. 

Prove (i) AADB^AACB; 

(ii) AKDA=AKCB; 
iih) ACDA=ADCB; 

(iv) A KAB and A KDC are isosceles. 

14. PQRS is a quadrilateral in which PQ=R$. The lines bisecting 
PS and QR at right angles meet at 0. Prove that POQ=ROS. 

15. ACB and ADB are two triangles on the same side of AB, such 

that AC=BD, AD=BC, and AD and BC intersect in P ; prove that 
the triangle APB is isosceles. v 
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RIGHT-ANGLED TRIANGLES 

Def. The hypotenuse (jf, a right-angled A is the side 
opposite'the right angle. 

THEOREM 5. 

If the hfttotenuse and one side of a right-angled triangle be 
respectively equal to the hypotenuse and one side of another 
right-angldd triangle, the triangles must be congruent. 



(l) B-G-!HJ\ 

(li) AC — PR, 

(iii) AB = PQ, 

Then we have to prove that 

/ ABC s PCJR 

Proof. Let APQR be applied to / ABC, so that 

(i) PQ coincides with the equal line AB, 
and (ii) R falls on the side of AB opposite to C, at R'. 

AAR'B=sAPRQ because it is tfiesame triangle in a different 
position. 

Since ABC + ABR' = 90° + 90° =-1 SO", (Hypoth.) 

/, R'BC is a straight line. 

Also AC=PR = AR', 

A A 

AR'C *= ACR', 

'i.e. PRQ = ACB. 

Hence the two as ABC and PUR have 

A A 

(i) B = Q, 

A A 

(ii) C=R, 

(iii) AB = PU ; 

A ABC® APQR. 


( ’.ACR' isosceles) 
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I 

EXEJtilJE 18. 

1. Draw a right angle and take a point 5 eras, from'the angle 

on one arm. With this point as centre draw a circle, radius 13 cms. 
cutting the other ami of the right angle. Join the two points on 
the arms. ( 

You have described a right-angled triangle with,hypotenuse 13 cms. 
and another side f» cms Measure the third side. 

Can you describe a dilferent shaped right-angled triangle with 
hypotenuse 13 and another ^Ide 5 eras. ? Give reasons for your 
opinion. 

2. Draw a circle radius 4 cms and AB any diameter. With 
centre B and radius 3 eras, draw another circle, cutting the first at 
H, K. Join HA and KA, also HB and KB Measure the lines HA, KA. 
Also the angles H, K 

Can you give a reason why HA KA ? This is a method for 
constructing a right-angled triangle, given the hypotenuse and 
another side 

3. Repeat Qn 1, using numbers 4-3 and 7 eras 

4. From a point K between the lines OA and OB, perpendiculars 
are drawn toOA and OB , if these perpendiculars arc equal, prove 
that OK must bisect the angle AOB 

5. S is the c en tre of a i ire I e, AB an y chord. S K is drawn perpendicu¬ 
lar to AB Prove that AK BK [Join SA, SB, and remember 
these lines are equal, because the) are radii of the same circle.] 

6. ABC is a triangle. BH is drawn perpendicular to AC, and CK 
perpendicular to AB , if BH ~CK prove that ABC must be isosceles. 

7. S is the centre of a circle, AB and CD are two equal chords to 
which SK and SM are perpendicular. Rv Qn 5, K and M are the 
middle points of the chords. Prove S K - SM 

8. If D is the middle point of the base BC of a triangle ABC, and 
DE, DF arc drawn perp. to AB, AC respectively , prove that the 
triangle is isosceles if DE-DF. ’ 

9. OB and OC are the bisectors of the angles B and C of a triangle 
ABC . Prove thatOA must bisect the angle A ^Fig. 175). 

(Draw perps, from 0 to the three sides.) A 



B C 0 

Fi 0.175 Fig. 176. 


10. ABC is a triangle having AB and AC produced ; OB and OC 
are the bisectors of the exterior angles at B and C. Prove that OA 
must bisect the angle A (Fig. 176). 

(Draw perps. from 0 to BC and also to AB, AC produced.) 
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AMBIGUOUS CA|E 

AMBIGUOUS CASE. 

We have already seen in Fact 8 that only one A c»n 
be constructed if we are given the magnitudes of two sides 
and the included ,angle ; it is now necessary to investigate 
the case in.which we are given the magnitudes of two sides 
and an angle opposite one of tho;*; sides, 

A 

(i) Suppose we are given that C=37°, AC = 6-5 cms., 
AB =4-4 cms., and wish to 
construct the triangle. 

Draw CA =6-5 cms. and 

make ACX = 37°; with A 
for centre and 4-4 cms. for 
radius construct an arc of 
a circle to cut CX in tico 
points B, and B 2 ; join 
AB,, AB,. 

It will be seen that eacli of the as ACB, and ACB 2 satisfies 
the given data, i.e. there are two triangles. 

A 

(ii) If C=37°, AC =4-4 cms., AB = 0-5 cms., then draw 
AC =4-4 cms. and make ACX --- 37°. 


A 



A 



With A for centre and 6 3 cms. radius, construct an arc of 
a circle to cut CX, or CX produced backwards, at B, and 8, ; 
join AB,, AB,. 
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In the AACB„ though the two sides AB,, AC have the 
correct magnitudes, it should hfe noticed that the angle C, 
i.e, ACB, is npt 37°, but the supplement of 37°. 

The AACB, satisfies the given data. 

Thus, in this case, there is only one triangle. 1 

(iii) With given values of C, AC, AB, it may happen that 
the arc of the circle touches the line CX 
at a point B (say). 

In this case there is only one triangle, 

A 

and we shall prove later that ABC =90°. 

(iv) It may happen that the arc of 
the circle does not meet the line CX, and 
then it will be impossible to construct C Flo ® 79 x 
even one triangle. 

We thus see that two solutions will not arise unless the 
side opposite the given angle is the smaller of the two given 
sides. 

The result of (i) and (ii) might be stated as the following 
Theorem : 



If two sides of one A are equal to two sides of another, and 
a non-included angle in one equals the corresponding angle 
in the other, the triangles are either congruent or contain a 
pair of supplementary angles t. 


A P 



B C Q R 


Flo. 180. 


In Fig. 180, angles C and R are equal. 



Flo. 181. 

In Fig. 181, angles C and R are supplementary. 
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J 

SIMILAR TRIANGLES. 


If two triangles have their three angles respectively equal 
then they wjll be of the same shape but different sizes, i.e. 
they will not necessarily be congruent. 



Suppose we construct a triangle ABC with BC = 5cms,, 

A A A 

B=60°, C =05,° and consequently A = 55°; it is possible to 
copy this on any scale, so that the copy PQR has QR =3 cms., 

A A 

Q -60°, R=65°; i.e. the two triangles have their angles 
respectively equal, but they are not congruent. 

Such triangles are said to be similar, PQR and ABC are 
drawn to scale, and the corresponding sides have the same 
ratio to one another, i.e. 

QR_QP_ftP 
BC BA ~*CA' 

In the case of polygons, it will be shown later that they 
may be equiangular without having the corresponding 
sides in the same ratio. 

Thf Diagonal Scale. 

With an ordinary ruler it is possible to measure the length 
of a line to a tenth of an inch, and to guess at the second 
decimal place; but with a Diagonal Scale the nearest 
hundredth may be obtained exactly. 

Take AB 1 inch and divide it into tenths, and ABCD a 
rectangle with AO of some suitable length; divide AD and' 
DC each into 10 equal parts. 




If wo wish to draw a line 2-~u inches long, place one point 
of a pair of dividers at 0-(the intersection of the diagonal 
line through 5 tenths of an inch on OX and the horizontal 
line through the 7 division on the line through X at right 
angles to XO), and the other point at F on the same horizontal 
line as 0, and on the vertical line through 2 inches, 



Fio. 184. 


It should be noticed that the right-hand large numbers 
give the inches, the left-hand small numbers the tenth, and 
the numbers on the vertical line through X the hundredth 
of inches. 
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EXERCISE 19. 

• • A 

1. Draw two triangles with AB = 7 cms., BC-3-8 cms. and A=30®. 
Measure AC in each triangle. Discuss the case whei\ AB~7 cm^, 

BC = 3'5cms., A=30°; and also when AB-7cms., BC-3*2 cms., 

A • 

A-30°. 

2. Draw two triangles with BC~4cms, AC 3-5 cms., B=40°. 
Measure AB in each triangle Discuss4he < uses when AC -2*6 cms. 
and 2*4 cms 

A 

3. Draw two triangles with <i H cms , b 7 cms , B~40°. Mea¬ 
sure c in each triangle Discuss the cases when />--5-14 cms. and 
4-8 cms. 

4. Draw' two triangles taking c -ft cms , a -3 cms , A -24°. Find 
a value for a which would make it just impossible to draw two 
triangles. 

5. Draw two triangles, taking <i^=7cms, 6-5 cms, B-34*. 
Measure c in each triangle I hstuss the case when B -45j°. 

6. Fig. 185 shows the essential parts of a simple piece of 
mechanism, AB and AC bung jointed rods. AC pnoted to DE at C, 
and B capable of moving to and fro m a slot along DE (supposed of 
indefinite length) Take AB as 2-5 cms and AC as 4'5 cms., indicate 
on a drawing the range of movement possible for B and for A, and 
also the total angle through which the rod AC is free to turn. 

If ACB-20°, what are the two possible values for CB ? (Army.) 


A 



tic 1«5 


7. Draw' a A ABC with u-tjems, 6-4 cms, c-5cms. Draw 
BB' between BA and BC so that angle CBB'-2f>° and BB' 7 cms. 
Draw B'C' parallel to BC and equal to 3 cms. Construct a AA'B'C" 
equiangular to A ABC Join AA', BB', CC' and produce. They 
should meet in a point X. Measure AX, A'X, A'B', A'C'. 

8. Draw a quadrilateral ABCD with AB 5 cms., AD=4-5 cms., 

BC=3-6 cms., BAD -70°r ABC—60°. Join AC. 

Take B' such that AB'~2*5 cms. 

Draw B'C' jl BC, C'D' 1| CD. 

... . . B'C' C'D' AD' 

Find the values of -gg-. c£) . AD ■ 

9. A quadrilateral ABCD has the adjacent 
sides AB, AD equal, and also the opposite 
angles B, D equal. Prove that its diagonals are perpendicular to 
each other. 



Fio. 186. 
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CONSTRtftfriON 3. 

Vo draw a‘ perpendicular to a given straight line from a 
given point in the line. ( 

Let AB be the given line and C the giveti point in it. 

Construction. With centre C and any radius <AC 
and <BC, describe a 0 cutting AB in X, Y. 

With X and Y for centres, and any radius >XC, describe 
two ©s cutting at D. 

Join DX, DY, DC. 




A 'X 


Y > B 


Proof. In the As OCX, DCY, 

DX = DY, 

CX =CY, 

DC is common, 
ADCX ~ A DCY, 


(equal radii) 
(radii) 

(3 sides) 


and in particular DCX = DCY ; 

but these are adjacent angles, and thus right angles, 

DC is perp. to AB. 
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» 

CONSTRUCTION 4. 

To draw a perpendicular to a given line from a given point 
outside the^ine. 


A 


l-'io. 190. 

Let AB be the given line and C a point outside it. 

Construction. With centre C, describe a 0 cutting AB 
in X, Y. 

With centres X and Y, and radius XC, draw two circles 
cutting in C, D. 

Join CX, CY, DX, DY, CO cutting AB at E. 

Proof. In the As CXD, CYD, 

CX-CY, (radii) 

XD -YD, (equal radii) 

CD is common, 

.-. ACXD /z.CYD, (3 sides) 

A A 

and in particular, XCD =YCD. 

In the as CEX, CEY, 

CX==CY, (radii) 

CE is common. 

XCE = YCE, (proved above) 

.'. A CEX s ACEY, (2 sides, included angle) 

A A 

and in particular, CEX =CEY ; 

but these are adjacent angles, and thus right angles, 

CE is perp. to AB. 



B.S.G. 


T 
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' (ii) Proceeding to the two joints A and C, the angles ACD, 
CAD are now observed, and it* it; consequently possible to 
represent the AACD. 

The original measured distance AB is called the base, and 
the points fixed by measuring the angles are kntwn as the 
intersected stations or intersections. * 

If we have a choice, it is advisable to select the points 
C, D, etc., so that the angles BCA, CDA, etc., are fairly 
large, and, as a matter of practice,, about 60° or 120° is' 
found to be suitable. If the angles ate small, it is difficult 
to plot the points C, D, etc., accurately, and with a large 
number of points, an angle of !)()'■ often causes a good deal 
of coincidence of various lines or rays and thus produces 
confusion in the figure. 

The usual method of finding the distance AB is by pacing, 
and with a little practice this can be done sufficiently 
accurately for practical purposes. 

As a matter of practice, the two angles BAC and BAD 
would probably be measured at A and the difference of these 
angles would give the angle CAD required for (ii), the angles 
being measured by means of a prismatic compass. 


EXERCISE 20. 

In these examples nothing but ruler and compasses are to be used when 
the word construct occurs. All lut/s used tn the constructions must be 
shoivn by thin or dotted lines, and the constructions must be described 
tn words. 

1. Draw a triangle a--6; B -64°, A~78°. Construct a line 
bisecting BC at right angles and meeting AC at some point K Mea¬ 
sure KB and KC. 

2. Draw a triangle a-- 7 ; 6-8; c - 5. Construct the bisector 
of A, meeting BC at some point K. Measure KB and KC, and com¬ 
pare the ratio of these with the ratio c : 6. t 

3. Draw a triangle f=5; 6-8; A-48° Construct a line 
through H the middle point of AB, parallel to BC ; let it meet AC 
at some point K. Measure HK, KA, KC. 

4. Draw a triangle a = 4 ; 6=5; c = 7. Construct lines bisecting 
BC and CA at nght angles, and let them meet at 0. Measure OA, 
OB, OC. 

5. Draw a triangle 6=4 ; c=0 ; A-52°. Construct a perpen¬ 
dicular from C to AB and another froth B to CA. Measure these 
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perpendiculars. If they meet atQ, join AO, and measure with your 
protractor the angle between AO produced and BC. 

6. Draw a triangle a- 7 ; B 68° ; C -50°. Bisect these ancles 
with your protractor, and let the bisectors meet at I. Construct 
perpendiculars from I to the three sides, and measure these perpen¬ 
diculars. * 

• 

7. Draw a tpangle 0 , b-8, C So 0 Construct the bisectors 
of the angles A and B, and lot these bisectors meet at 0 Join OC, 

A 

and measure the two parts into which this line divides C. 

8. Draw a triangle a - 7 . 6-^6, i - II Take points R and K in 
AB, so that AH HK 3 

Through H and K construct parallels to BC, meeting AC at M 
and N. Measure AM, MN and NC 

9. Draw a straight line AB, 2*3 indies long; also a straight 
line BC, 1*4 inches long, pel pondlcular to AB Measure the angle 
BAC. 

10. Draw a straight line AB, 2-0 indies long, and a line AC 
making with AB an angle of 30° Draw also through B a line BC 
at right angles to AB, and measure AC and BC. 

11. On a base of 2 inches draw a triangle whose base angles 
are 40° and 100° Construct the perpendicular from the vertex to 
the base, and measure its length 

12. Draw a triangle ABC having BC 3 ins, ABC -32°, and 

A 

ACB=10*)°. Construct the bisector of the angle BAC, meeting BC 
in D. Measure BD 

13. Construct a triangle w hose sidfs are 2*4 ins ,3-2 ins., and 4*9 ins. 
Measure the smallest angle and bisect the largest, measuring the 
length of this bisector as far as the opposite side. 

14. D is a punt in the side AB of a triangle ABC such that 
DB=DC-3 inches, the angle ABC = 53°, and the angle DCA=47°. 
Draw the triangle, and measure the length of AD. 

15. Draw a parallelogram with sides of lengths 7-8 cms. and 
5*4 cms., and having an angle of 70°. Measure and compare the 
lengths of the diagonals. 

16. Draw a quadrilateral ABCD having AB - 3 ; BC=7 ; CD=6; 

B=42° ; and C-68 0 . Measure AD. , 

17. Draw a quadrilateral ABCD having AB=4 ; BC=6 ; AC = 7 ; 
AD=6 ; CD-8. Measure B and D. 

18. Draw a quadrilateral ABCD having AB=4 ; BC=5 ; AD =*7 ; 
CD = 8 ; and B=64°. Measure BD. 

19. Draw a quadrilateral ABCD having B-60°; C=100®; 

CAD=36° ; ACD = 72°; BC = 7. Measure BD. 
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, A A A 

20. Draw a quadrilateral ABCD having B=40°; C=96°; D=*80 9 ; 

A ( | 

CAD=30° ; AB-6. Measure BD. 

11. Draw a' quadrilateral in which two adjacent sides are 
each 1*6 ins., the other sides are H ins and 2*3 ins., and the angle 
between them 105®. Measure the lengths of the diagor&ls, 

22. Draw the plan of a piece of ground ABCD given that 

(i) AB - 1000 yds., ABD -30°, BAD-87 0 , DBC-44 0 , BDC-70 0 ; 

(ii) AB;--1200 yds, ABD-35 0 , BAD-80 0 , DBC=G7°, BDC=62°; 
(iit) AB 880 yds., ABD -42°, BAD-04 0 , DBC=32°, BDC = 27° ; 
(iv) AB-7G0 yds, ABD-GG 0 , BAD-48 0 , DBG = 28°, BDC=25°. 
In each case what are the distances BC, DC ? 

23. Draw the quadrilateral ABCD, such that AB-2 inches, 
BC-i-G inches, CD-2-2.) inches, the angle ABC-120°, and the 
diagonals AC and BD are at right angles. 

Measure the length of AD. 

24. The figure represents a folding deck-chair, the prop FD 



fitting into a notch at D. Determine by drawing the height of A 
above the ground. 

When the chair is folded up with CA along CB, the canvas AG 
is taut; how much longer is it in the positipn in the figure than the 
straight line AG ? {Army.) 
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» 

THlJblBEM 6. 

If two sides of a triangle are unequal, the greater side tbs 
the greatereangle opposite to it. 

• A 



Fig. 19ft. 


Let ABC be a triangle having AOAB. 

A A 

We have to prove that ABC>AC8. 

Construction. From AC cut off AD = AB. 

Join 80. 

Proof. v AB = AD, 

A A Z 

.-. ABD = ADB. (ISOS. A) 

A A 

But ADB (the ext. angle of ABDC)>BCD (int. opp. angle), 

A A 

ABD>BCD, 

A • A 

i.e. ABD> ACB ; 

A A 

but A8C>its part ABO, 

ABC>ACB. 
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• 

THEOI&M 7. 

If two angles of a triangle are unequal, the greater angle 
has the greater side opposite to it. 4 


A 



Let ABC be a triangle having B>C. 

We have to prove that AOAB. 

Proof. There are three and only three possible supposi¬ 
tions concerning the relative lengths of AB and AC ; 

(i) AB might be equal to AC, 

(ii) AB ,, greater than AC, 

(iii) AB ,, less than AC. 

Now (i) would necessitate 

B = C, (Isos. A.) 

and this is impossible by Hypothesis; 

(ii) would necessitate 

C>B, (Th. 6.) 

and this is also impossible by Hypothesis ; 

(iii) must be correct, 

i.e. AB<AC or AOAB. 

Cor. The hypotenuse is the greatest side of a right-angled 
triangle. 
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th£6rem 8 . 


Of all straight lines which can be drawn to a given straight 
line from^k given point outside it, the perpendicular is the 
shortest. , 


PQ is the given straight line and A a 
point outside it. 

AK is drawn perp. to PCI. 

It is required to prove that AK is 
shorter than any other line drawn 
from A to PQ. 



P H K Q 

I ts. IDS. 


Construction. Any other point H is taken in PQ and AH 
joined . 

Proof. Since the 3 angles of a triangle make up 180°, 
and AKM--UO”, 

AHK<fk)' > , i.f.<AKH. 

In the AAHK, because AHK<AKH, 
and the smaller angle has the smaller side opposite to it, 


AK <AH. 


Since AH was any other line from A to PQ, it follows that 
AK is the shortest of all these lines. 

Note. Compare this result with Theorem 1, Cor. 4 
(page 51). 

We are all familiar with the fact that the shortest distance 
between two points is a straight line, and thus if we wish to 
go from A to B, it will be shorter to go direct than travel 
through the point C ; hence 



A B 


Fig. lt». 


two sides of a Is must be together greater than the third. 

A formal proof of this result is given in Ex. 21. 0, 14. 
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exeb6u& 21. 

1. Describe a triangle with sides 3, 5, 0 cms., and measure the 
angles opposite the sides 3 and 6. 

2. Repeat Qn. 1, using numbers 3, 8, 9. 

3. Describe a A with angles 40°, 00°, 80°, the side opposite 60° 
being 0 cms. Measure the other two sides. 

4 . In a A ABC. arrange the sides a, b, c in order of magnitude : 

(i) A-00°, B-45°, (u) B = 72°, C=53°; 

(in) C-54°, A-37° ; (iv) A-22°, B^=84°. 

5. P is any point in a triangle ABC ; AB=AC and PB>PC. 
Prove that PBA>PCA. 

6. AK bisects the angle BAC of a triangle, and meets the side 
‘ BC at K. Prove that AB>BK ; AC>CK. Hence notice any two 

sides of a triangle are greater than the third 

A A 

(Noto that AKC is ext. angle of AABK, and A KB is ext. angle of 
AAKC.) 

7. ABC is an isosceles A with AB - AC ; X and Y are any points in 
BC and BC produced ; prove that 

AB>AX, 

AB<AY. 



8. In any AABC, prove that A8~AC<BC, i.e. the difference 
between any two sides is less than the third side. 

9. 'If D is'any point in the base BC of a AABC, prove that 

AB + BC + CA>2AD. 

10. If O is any point within a AABC. prove that 
AB + BC +CA<2(OA +OB +OC). 



11. In any quadrilateral, why is the sum of three sides together 
greater than the fourth side ? 
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M 


12. In a quad. ABCD. prove thatjhe perimeter is 

(i) > the sum of the dia^als AC. BD, 

(ii) < twice the sum of the diagonals (consider the AsOAB, 

OBC. 0C0. ODA), . • 

(iii) > twice either diagonal (Fig. 202). 

• X, 

\ 




DC 8 

I io. 202. 

13. If the bisector of the exterior angle XAC of the A ABC cuts BC 
produced at D, then AB>AC (Hg. 203) 

(Note the connection between XAD and ABC, and also between 
DAC and ACB.) 

14. In a A ABC (Fig 20t), by producing BA to K, so that AK=AC, 
show A A 

(i) BCK>BKC ; (ii) BA + AOBC. 

(Note that BA + AC --BK.) 

15. ABCD is a quad, in which the side AB is 
equal to the diagonal AC ; prove that the 
side CD<diagonal BD. 

16. If D is any point inside the triangle 
ABC (Fig. 205), prove that 

(i) BDOBAC ; (ii) BA + AOBD.+ DC. F ‘° 204 ’ 

(Produce BD to K ; show that BA + AC>BK + KOBD + DC.) 





B C 'F 

Fio. 205 * Fio. 206. 

17. If one side BC of a A ABC (Fig. 206) is produced to D, AC 
bisected at M, BM produced toE, so that ME=BM, prove that 

(i) AAMB=ACME, (ii) ACD>BAC, 
fiii) il BC U bisected at N, NF made equal to AN. and AC pro¬ 
duced to K, BCK (*.«. ACD)>ABC, 

ij. the ext. angle of a A is greater than either of the interior opposite 
anglee. 
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18. Assuming that an image ^ of an object 0 held before a mirror 
MR appears as far behind the minor as the object itself is in front, 
10 being perpendicular to MR, compare the length IS from image 
te^spectator’s^eye S with the length OP + PS, the path of the ray of 
light from object to spectator as reflected by the mirror, and justify 

your statement; also show that OPM--SPR. 

Now imagine any other point K taken in MR on either side of P, 
and show that OK + KS is greater than OP + PS. 

(Prove AOMP AIMP; join IK and note OK IK) 

Also prove that IS>OS 



19. If two mirrors AB, AC are at right angles and 0 is some 
object; let a ray ot light pass to the spectator’s eye along the path 
ODES. LetOM be perp to AC. 

If AD ~3*5 cnis., AE -fr2 nils , DM~1 5 ems , draw the figure to 
scale, and mark the position ot the image I in the mirror AC, 
and thence the image V of this in the mirror AB Measure I'S, 
if ES-4 cms. 



Fio. 208. 


20. If the two Sides PQ, PR of a APQR are equal respectively to 
the two sides AB. AC of a A ABC, but the included angle QPR>the 
included angle BAC, prove that 

base QR>base BC. 

21. If two sides AB, AC of a A ABC are equal respectively to two 
aides PQ, PR of a APQR. and the base BC>Dasc QR, prove that 

vertical angle BAC > vertical angle QPR. 



PARALLELOGRAMS 


03 


Def. A parallelogram % is a four-sided figure with its 
opposite sides parallel. 


THEOREM 9. 

• 

The opposite angles of a parallelogram are equal, and 
conversely, if a quadrilateral has its opposite angles equal, 
then it must be a parallelogram. 

(i) Let A8CD be a o'". 

A D 

~7 

B C 

I'V.. l'«) 



We have to prove 

that 


A ~C, and B- D. 

Proof. 7 AD |j BC, 


/. A+B = 180°. (int. angles) 

7 AB j] DC, 

A a D =*180 \ (int. angles) 


B-iD. 

Similarly, 

A-C. 

(ii) Let ABCD be a 

i quad, in which A=C and B = D. We 

have to prove that ABCD is a parallelogram. 

Proof. Since the sum of the 4 angles of any quad, is 360°, 

A A A A 


°A + B +C + D ~360°, 


i.c. 2(A + B)=300 ! , 



.-. A + B = 180°, 

(int. angles) 


AD BC; 


Similarly, 

AB || DC ; 

ABCD is a o'". 

(definition) 
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THEOREM 11. 

The diagonals of a parallelogram bisect each other ; 
conversely, if the diagonals of a quadrilateral bisect each 
other, then the figure is a parallelogram. „ 

A B 


D C 

I'm. 213. 

(i) Let ABCD be a parallelogram with its diagonals 
meeting at M. 

We have to prove that 

AM =MC, 

DM —MB. 

Proof. In the As AMB and CMD, 

ABM =CDM, (alt. angles) 

BAM =MCD, (alt. angles) 

AB = DC, (opp. sides of cf”.) 

A AMB ^ A CMD, (2 angles and 1 side) 

and in particular, AM =MC, (opp. equal angles) 

DM =MB, 

(ii) Let ABCD be a quad, in which AM =MC, BM =MD. We 
have to prove that ABCD is a a 1 ". 

Proof. In the As AMB and CMD, 

AM =MC, (hypoth.) 

BM =MD, (hypoth.) 

A A 

AMB =CMD, (vert, opp.) 

A AMB = A CMD, (2 sides and inch angle) 

A A 

and in particular, ABM = COM, 

AB 1(.DC. 



(alt. angles) 
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Similarly it can be proved that AD || 8C. 

i.i 

.*. ABCD is a CD™. 

Cor. In the case of a rhombus, in tiie AsMAD and MAB, 



we have ad - ab, 

DM = BM, 

AM is common ; 

AMAD - AMAB ; (3 sides) 

AMD - AMB = 1 rt. angle. 

Thus the diagonals of a rhombus Insert one another at 
right angles. 

Also, ADM = ABM ; 

but ABM =MDC, (alt. ingles) 

ADM =MDC, 

i.e. the diagonal BD bisects the* angle D. 

Similarly all the angles of the rhombus are bisected by the 
diagonals. 


B.S.G. 
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THEoAlJM 12. 

If one pai> of opposite sides of a quadrilateral are equal 
and also parallel, the quadrilateral must be a parallelogram. 

A B' 



Flo. 215. 


I.ct ABCD be a quadrilateral having 
(i) AB || DC, 

and (ii) AB =DC. 

Then we have to prove that ABCD must be a o'". 

Construction. Join AC. 

Proof. Because AB || DC ; 

BAC = ACD. (alt. angles) 

Then in the two as ABC and CDA, 

AB = DC, (hypoth.) 

AC is common, 

BAC = DCA; 

A ABC -- ACDA, (2 sides and inch angle) 

and in particular, 

A A 

ACB = DAC, being angles opposite equal marked sides; 

.'. AD || BC; (alt. angles) 

.'. ABCD is a o™. 

N.B.— This Theorem may be enunciated thus : If two 
straight lines are both equal and parallel, the joins of their 
extremities towards the same parts must be equal and parallel. 
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EXE^CJSZ 22. 

1. Construct a o“ ABCD such that AB=3* ins., AD'=2t ins., 
and the angle BAD=46°. Let the diagonals cut at*0. Me&sufe 
AO, CO. BO. DO. 

2. Draw ^BC and BCD right angles on opposite sides of BO, 
making AB=7 cms., BC = 6 cms., CD = 7 cms. 

Measure AG and DB, and explain the connection between these 
two lengths. 

Measure AD. and calling the point of intersection of AD and BC 
M, measure MC, MB. MA, MD. 

3. Draw two lines at an angle of 30° with one another. Place 
between these lines another line 1 inch in length and terminated 
by them, so as to be perpendicular to one of them. Measure the 
lengths of the other sides of the right angled triangle so formed. 

4. Construct a quadrilateral ABCD. in which AB and DC are 
parallel, such that AB —4*f> inches and BC-CD=DA=2 inches. 
What is the length of each diagonal ? 

5. Draw a rectangle whose diagonals arc 4-2 inches in length and 
two of whose sides are 3-7 inches m length. 

Measure each of the other two sides (Fig 210). 

(Construct A ABO) 



Fig. 216., 

6. Draw a a m with its diagonals 4*4 and 6-4 cms. in length, and 
one pair of equal sides 3*5 cms. Measure the angles and the other 
sides. 

7. Draw a a" 1 with diagonals 4-2 and 5*4 cms , and the angle 
between them 60°. Measure the sides. 

8. Construct a trapezium with the parallel sides 5-2, 9*2 cms., 
and the other two sides 3 and 0 cms. respectively. Measure the 
diagonals. 

9. Construct a trapezium with the two parallel sides 4-2, 7*6 cms., 
and the other two sides 2-4, 4*3 cms respectively. 

Bisect these last two sides at A and B, and measure AB. 

10. From the opposite sides AT. SB of a parallelogram AB8T two 
equal lengths AX. SV are cut off, and AY, SX are joined ; prove that 
AY-SX. 

11. On opposite sides of a straight line AB are described two 
parallelograms ABQP and ABSR. Prove that PR8Q is a parallelo¬ 
gram. 
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12. ABC is any triangle ; the bisector of the angle ACB meets 
AB in E ; EF drawn parallel to BC fleets AC in F ; ED drawn parallel 
to AC meets BC in D. Prove that CFED has its four sides 
equal. 

13. Make an angle AOB -50°. In OA take OP~2*G inches, and in 
OP take OQ~l-r> ins. Draw PX parallel to OB and (£X parallel to 
OA. intersecting at X. Show how to draw through X a line MN, 
cutting OA in M and OB in N, so that MN is bisected at X. Give 
reasons Measure PQ, MX, XN. 

14. The side AB of a triangle ABC is bisected in E. and the parallelo¬ 
gram EBCH is completed. Prove that AECH is a parallelogram, and 
deduce that EH bisects AC 

15. Any straight line drawn through the intersection of the 
diagonals of a parallelogram, and terminated by two opposite 
sides, is bisected at the intersei tion, and itself Insects the 
parallelogram (Fig. 217) 

(Prove AOAP AOCQ ) 


A P D 



B Q C 


Fig. 217. 

16. Prove that the bisectors of two opposite angles of a parallelo¬ 
gram are parallel to each other. 

17. Prove that the bisectors of all the angles of a parallelogram 
form a rectangle (Fig. 218). 



Fig. 218 


18. ABCD is a parallelogram (not rectangular), and AL and CM 
are the perpendiculars from A and C on to the diagonal BD. Prove 
that ALCM is a parallelogram. 

19. If ABCD is a square, and AL, BM are drawn perpendicular to 
any line through D, and AN is drawn perpendicular to BM or BM 
produced, prove that ALMN is a square. 

20. ABCD is a quadrilateral having AB parallel to DC, and AD 
equal, but not parallel, to BC. The angle ABC is 120°. Prove that, 
if AE is drawn parallel to BC meeting DC in E, the triangle ADE is 
equilateral. 
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21. AEB, BFC, COD, DHA are sides of a parallelogram ABCD ; 
P is a point on the diagonal Au ; EPQ is parallel to AD, and HPF 
parallel to DC ; prove that the parallelograms EBFP and HPQD are 
equal in area (Fig. 219) • * 

(Note that*the diagonal of a a 1 " bisects it) 



D G C 


Fig 211) 

22. The angle BAC of a triangle ABC is bise< ted and a line through 
C parallel to AB meets the bisecting line at D If AB is not equal 
to AC, show that BD is not parallel to AC 

(Prove that CD is not equal to AB ) 

23. The diagonal CA of a parallelogram ABCD is produced to E so 
that AE CA A parallelogram DAEF is umstiuited. Prove that 
BA and AF arc in the same straight line 

24. ABCD is a m tangle whose diagonal AC is twice the side AB. 
CD is produced to P, making DP ' CD If 0 is the middle point of 
AC, prove that OP is perpendicular to AC and equal to AD 

25. An ob>er\or on the coast at 0 (sec the rough sketch of Fig. 
220) sees a vessel somewhere in the direction OA due east ; 10 
minutes later it is in the dim tion OB, and in another 10 minutes it 
is in the direction OC. 



If the angle AOB is 50° and the angle AOC is H0 e and the speed and 
course of the vessel are constant, determine the true direction XYZ of 
its track by the two methods specified in (a) and (b). 

(а) Draw an accurate figure and obtain the true direction of XYZ 
by arranging your ruler so that XY- YZ~-1*6 inches, and then measure 
the angle OXY. Give briefly some justification of this experimental 
method. 

(б) Justify a geometrical construction, not experimental, for 
finding the direction of the track XYZ, remembering that the diagonals 
of a parallelogram bisect one another. (Army ) 
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' •, 

THEOREM 13. 

The line drawn through the middle point of one side of 
a triangle, parallel to another side, ' 

must bisect the third side. * a 

Let ABC be a triangle, M the 
middle point of AB, MX || BC. 

We have to prove that X is the 
middle point of AC. 

Construction. Draw XK || AB. 

Proof. By definition, MXKB is 
a ; 

XK -MB - AM. (opp. sides and hypoth.) 
in the two As AMX, XKC, 

AM =XK, 

MAX — KXC, (corr. angles) 

AXM = XCK ; (corr. angles) 

A AMX = A XKC ; (2 angles, 1 side) 

and in particular, AX = XC. 

Cor. 1. Because A AKIX s .XKC, 

MX--KC. 

But MX also is equal to BK, 

/, BK-KC and MX = |BC. 

Cor. 2. In a trapezium ABCD if X is the middle pt. of 
AD, and XY || AB or DC, then Y must be the middle point 
of BC. 

Join AC cutting XY at P. 

In the AADC, 

V AX=XD and XP |j DC, 

XP - JDC, and P is the mid. point of AC. 

Similarly in the A ABC, f, °- m - 

PY =J AB, and Y is the middle point of BC. 

XY-XP + PY-J(AB + DC).. 




Flo. 221. 


Also 
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JOIN OF MID. POINTS 

«• * 

THEOREM 14. 

The line joining the middle points of two Bides of a triangle 
must be parallel to the third side, and equal to one-half of it. 


A 



B C 


Fig 223. 


Let ABC be a triangle, M the middle point of AB, S the • 
middle point of AC. 

We have to prove that MS is |j BC, and MS - J BC. 
Construction. Draw CT lj BA, and produce MS'meeting 
CT in T. 


Proof. In the two As AMS, CTS, 

ASM = CST, 

SAM =§CT, 

AS =CS, 

. .AMS - ACTS, 
and in particular, CT = AM =MB. 
Because CT is both equal and || BM, 
MTCB is a tr)“ ; 

• hence MST is |j BC. 
.'.AMS -a ACTS, 
MS-ST, 
MS-$MT = jBC. 


(vertically opp.) 
(alt. angles) 
(hypoth.) 


Also, 
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A median of a A is a straight line drawn from any 
angular point to the middle point of the opposite side. 

The medians of a & are concurrent ( i.e. pass through the 
same point), and trisect one another. 


A 



I.et ABC he a triangle ; BM and CN two medians meeting 
at 0. 

We have to prove that AG produced is a median. 

Construction. Join AG and produce it so thatGK=AG. 
Join CK, BK. 

Proof, (i) Because AG . GK and AM ^MC, 

MGB is jj CK. 

Similar ly, NGC is J; BK. 

Hence BKCG is a ; (opp. sides j|) 

BX'-XC, (diags. bisect) 

that is, AGX is a median ; 

.'. the three medians are concurrent. 

(ii) Because BKCG is a o'" ; GX --XK ; 

/. GK = 2GX ; 

AG = GK =2GX, 
that is, G is a point of trisection of AX. 

Similarly, G is a point of trisection of BM and of CN. 

N.B .—The point G is called the Centroid or sometimes 
the Centre of Gravity of the a. 
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THEOlt^M 15. 


If three or more parallel straight lines make equal inter¬ 
cepts on any transversal, they make equal intercepts on any 
other transversal. 

Let AP, BQ, CR, OS, etc., 
be a series of parallel 
straight lines cutting off 
from AD intercepts such 
that AB = BC=CD, 

Let PQRS be any other 
transversal. 

We have to prove that PQ QR =. RS. 1 lc -~'- 
Construction. Draw PH, QK, RM paiallel to AD ; they are 
necessarily parallel to each other. 

Proof. By definition, PB, QC, RD are parallelograms ; 

PH - AB ; QK . BC ; RM -CD. (opp. sides) 
And thus PH QK RM. 

In the two / s PQH and QRK, 



(corr. angles) 

( .. ) 
(proved above) 
(2 angles, 1 side) 

B 


(i) QPH = RQK, 

(ii) PQH = QRK, 

(iii) PH = the corresponding side QK , 

PQH QRK. 

and in particular, PQ - QR. 

Similarly, by comparing the s 
QRK, RSM, we can prove 

QR =R8 ; /. PQ=QR = RS. 

Note if A and P coincide, this 
theorem justifies the construction 
given on page 47 for the division 
of a line AS into an equal number of part 

Cor. To divide a line AB in a given 
ratio such as 2 : 3, proceed as if it is 
required to divide it into (2 + 3), 
i.e. 6 equal parts ; then join the last 
point of division D to B, and through 
C the extremity of the second section draw a line CX || DB. 


A(P) 
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EXE&cfefc 23. 

• 1. Draw a. A ABC, with AB=4, BC=fi, CA=2’5 cms. Bisect BC 
at D and join AD. Measure the angles BAD, DAC ; are they 
equal ? 

2. Draw a lino AB 5 ins. long and divide it into 7 equal parts. 
Measure one of these parts. 

3. Draw a quadrilateral with two sides parallel, making the 
lengths of these sides 3-4 and 5-8 cms. Bisect each of the other 
sides ; measure the length of the line joining the points of bisection ; 
and show by the drawing that it looks parallel to two sides. 

4. Draw a AABC with BC=4*8, CA=5*2, AB-6*4 cms. Draw 
the medians and measure them. Verify that the centroid is the 
point of trisection of the medians. 

5. Repeat Qn. 4, taking BC -7*8, CA~4*2, AB=5*4 eras. 

6. Draw a triangle PQR, having PQ-5, QR=0, RP=7 eras. 
Construct a triangle ABC such that Q and R shall be the middle 



A 

Fic. 228. 


points of the sides AB and AC, and that the foot of the perpendicular 
from A to BC shall be P. Measure AC. 

7. Prove that the lines joining the middle points of the sides of 
a triangle divide the triangle into four congruent triangles. 

8. A quadrilateral is such that its diagonals are perpendicular. 
Show that the quadrilateral formed by joining the middle points of 
its sides is a rectangle. 

9. Show that the lines which join the middle points of the opposite 
sides of a quadrilateral bisect each other. 

(Remember that the diagonals of a cT" bisect one another.) 

10. Show how to construct a triangle, if you know the three 
middle points of the sides. 

11. ABCD is a parallelogram, H and M the middle points of AB 
and CD. Prove that CH and AM .trisect Dt^ f 
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Prove that any two medians (BE, AD) are together greater 
than the third median (OF). • 

(Make OG=OA.) 


A 



13. In the figure of Qn. 12, prove that 0 is also the centroid of 

ADEF. 

14. Show how to construct a triangle ABC given the length of 
BC and also the lengths of the medians bisecting AB and AC. 

15. AD is a given straight line which has to be trisected. Prove 
the following construction : Through A draw any line AK and pro¬ 
duce it to H, making HK=AK. join HD and produce it to Q, 
making QD = DH. Then QK will meet AD at a point of tri- 
section. 

10. In a right-angled A ABC, if M is the middle point of the hypo¬ 
tenuse BC, prove that 



Fig. 230. 


MA=MB = MC. 

Conversely, if in a A ABC, M is the middle point of BC and 
MA=MB ~MC, 

A 

prove that BAC=90°. 

(Draw MN |j BA and prove AAMN 3 ACMN.) 
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LOCI. 

Di:f. The path traced out by a point which moves 
subject to certain conditions is called the Locus of'the point. 

Ex.l. I( a point moves so that it is always 1 inch above 
a given line AB, its locus will he PQ, a parallel straight line 
1 inch away. 

P Q 


A B 

I ir. 331. 

This line PQ may lie obtained by drawing a number of 
lines 1 inch long, each perp. to AB. 

Ex. 2. If a point moves with the condition that it must 
always be at a constant distance 2 ems from a fixed point, 
the locus is a circle of 2 eras, radius with the fixed point as 
centre. 

Ex. 3. If a dog is attached to a chain, at the other end 
of which is a ring sliding on a fixed horizontal pole, the 



Fig. 232 


dog's locus is anywhere between two parallel lines and two 
semi-circles, as in Fig. 232. 

The shape and position of the locus can often be deter¬ 
mined by geometrical reasoning ; hut in order to familiarize 
the student with the idea of a locus, we shall begin with 
examples which are mainly to he worked out by plotting 
a number of points satisfying the given conditions and 
joining these points by a straight line or curve. In most 
cases the locus will lie a straight line or part of a circle, 
but the student must expect to find other curves as well. 
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EXEJtQISE 24. 

1. Plot a number of points 3*5 cms. from a given line XY, and 
thus determine the locus of a point P which moves ^o as always to 
be 3*5 cms. from XY. 

2. Draw any two parallel lines AB and CD. then draw any number 
of transversals such as PQ ; mark the middle point O of each line 
PQ, and determine the locus of 0 (l ; ig. 233) 



I k. 2H Tic. 234 


3. Draw two lines OX, OY so that XOY 40”, Draw a number of 

A 

parallel lines smh as PQ, so that OPQ 110’ , in each case mark A 
the middle point of PQ, and thus find the lotus of A (log. 234). 

4. Assuming that if a cm le touches a stiaight line AB, then OC, 
the radius to the point of contact, is at right angles to AB, suppose a 
wheel rolls along a horizontal road AB , what is the lotus of the 
centre of the hub ? (Pig 233). 



A C B . 0 AX 


Fio. 235. I k, 2'lfl. 

5. Let XOY -90°. Draw a number of rectangles like APCO with 
0A=20C. 

Construct the locus of P (Fig. 230). 

6. Repeat Qn. 5 making 0A--30C 

7. With Kig. 236, let P move so that 

PA+PC = 8cms., te OC 4 OA - 8 cms. 

Construct vajious positions of P so that 

OA---0, 1.2... 8 cms respectively, and draw the locus of P. 

8 . With Fig 236, let P move so that 

PC PA-5 cms , t.e. OA OC = 5 cms. 

Plot the locus of P. 

9. Draw a number of isosceles triangles ABC on the same base 
AB ; plot the locus of C. 
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* * 10. Draw a A ABC with AB=3 cms., AC-4-2 eras., BC=*5-3 cm*. 
Draw a number of lines, such as’AX.f&ad mark P the middle point 


What is the locus of P ? 



Fio. 237. 


11. Draw a number of isosceles As ABC on the same base AB; in 
each case, produce AC to P so that AC=CP. Whatis the locus of P ? 

12. Plot a number of points 2 inches from 0 ; what is the locus 
of such points ? 

13. What is the locus of the extremity of the hand of a clock ? 

14. P moves round a circle with centre 0 and radius fi cms.; 
PQ is drawn vertically and is always 3 cms. long. Construct the 
locus of Q (log. 238). 



Fio. 238. Fig. 239. 


15. A rod AB, 6 cms. long, slidec between two rods OX, OY, which 
are at right angles, and P is the middle point of AB. Plot the locus 
of P (Fig. 239). 

16. In a piece of machinery, P moves round a circle, centre 0. 
A moves along a line ABOC and AP is fixed in length. 



Take OP=4 cms., PA=10 cms., and construct the locus of Q, a 
point on AP such that AQ=2 cms. 

(Let P move through a serin-circle from B to C.) 


Ex. 24] LOCI U1 

17. A rod AB of length ft cm». slides between two rods OX. OY, 
which are at right angles. If P is anoint on AB so that AP=»2 cros., ' 
plot the locus of P. * % 



. “ • ■ « 

Fig. 241. Fig. 242. 


18. A rhombus ABCD formed of 4 jointed rods, each of length 
5 cms., is placed so that AC is always vertical. As AQ alters in 
length from 0 to 10 cms., draw the locus of B (Fig. 242). 

19. Draw a diameter AOB of a circle of 4-3 cms. radius. Draw a 
number of semi chords, such as PQ, each perpendicular to AB. If 
M is the middle point PQ,, plot the locus of M. 



20. Twopoints A and B are 6 cms. apart, and a point P moves so 
that PA + PB = 10 cms. Draw a number of positions of P by taking 

PA=2, 3, 4 y. 8 cms., 
and PB=8, 7, 8 ... 2 cms., 

and thus find the locus of P. • 

21. A point P moves so that the product of its distances from 
two lines OX, OY, which are at right angles, is always 10. Plot the 
locus of P. 

In order to prove that a certain path is the locus of a 
point moving under certain conditions, it must be shown 

(i) that any point,which satisfies the conditions must lie 
on the path, 

(ii) that any point on the path satisfies the conditions; 

and consequently a formal proof necessitates the proof of a 
theorem and its converse. 

It may be noticed further, that any point not on the 
path does not satisfy the conditions. 
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THEOREM 16. 

The locus of points equidistant from two fixed points is 
the perpendicular bisector of their join (i.e. the line joining 
them). 

Let H, K be the two fixed points. 

(i) If P is a point on the locus, so that 
PH^PK, tve have to prove that P lies on 
the perpendicular bisector of HK. 

Construction. Bisect HK at M and join 

PM. 

Proof. In the As PHM, PKM, 

PH - PK, 

HM=MK, 

PM is common ; 

A PHM r_- APKM, 

and in particular, pmh -PMK =90° ; 

P lies on the line bisecting HK at right angles. 

(ii) Again, if ft is any point on the perpendicular bisector 
of HK, we have to prove that ftH -QK 

Proof. In the As ftHM, QKM, 

HM =>MK, (HK bisected) 

ftMH —ftMK, (each 90°) 

ftM is common ; (2 sides, inch angle) 

A AftHMsaAftKM, 
and in particular ftH=ftK. 

Thus PM (produced both ways) is the required locus. 
This result may be obtained by the Principle of Sym¬ 
metry. Since PM is an axis of symmetry for the two points 
H and K, it follows that any point P on this axis is equi¬ 
distant from H and K, and any point off the axis is nearer 
either to H or K. (Sec page 62). 


P 



Flo. 244. 
(constr.) 

(3 sides) 
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THEOREM 17. 

The locus of points equidistant from two given straight 
lines is th8 pair of straight lines which bisect the angles 
between the two jfiven lines. 



A S M H 


iv, 2t:> 

Let AH, AK be the two given straight lines. 

(i) If P is a point on the locus, so tli.it perp. PM -perp. PN, 
we have to prove that 

A A 

PAN =PAM. 

Construction. Join AP. 

Proof. In the right-angled ,'.s PAN, PAM, 

PN -PM, 

lnpotenuse AP is common ; 

PAN?-. PAM, 

A A 

and in particular, PAN -PAM, 

i.e. P lies on the bisector of the angle HAK. 

(ii) Again, if Q is any point on the bisector of the angle 
HAK, we have to prove that 

perp. as = perp. QT. 

Proof. In the right-angled as OAT, QAS, 

QAT = QAS, 

hypotenuse AQ is common ; 

A QAT == A QAS, 

and in particular, QT =QS. 

B.S.O. 


H 



114 SHORTER GEOMETRY 

Thus PA (produced both v/tyfijfis part of the required locus. 



Fir.. 24#. 


Similarly it may be shown that the bisector of the supple¬ 
mentary angle between the two lines is also part of the locus. 


By the Principle of Symmetry, AH and AK are sym¬ 
metrically situated with respect to the axis AP, or PA 
produced, and therefore any points such as T, S are equi¬ 
distant from the axis AP. 

Similarly, the bisector of the obtuse angle is an axis of 
symmetry. 

Intersection of Loci. 

If a point moves so that it satisfies more than one 
condition, then by noting its locus if the first condition only 
is fulfilled, and also its locus if the second condition only 
is fulfilled, the intersection of these loc; determines the 
actual position or positions of the point. 

Ex. Given a AABC, find the position of a point which is 
equidistant from AB and AC and a given 
distance above BC. 

(i) If the point is to be equidistant 
from AB and AC, it must be on AX, the 
bisector of the angle BAC. 

(ii) Draw a line YZ at the given 
distance from BC; then the point must 
also be on YZ. 

the point required must be P, which is the point of 
intersection of AX and YZ. 


A 



Fio. 247. 
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EXE^CipE 26. 

1. PQ is any line of indefinite length, A and B fixed points not 
in pa. Find a point in PQ equidistant from A and B. 

(Hint: Construct the locus of points equidistant from A and B.) 

2. ABC jp a triangle inside a circle. Show how to find a point on 
the circle equidistant from B and C. 

3. ABC is a triangle inside a circle. Show how to find a point 
on the circle equidistant from the lines AB and AC. 

4. Draw an angle of 40°. Draw the locus of all points between 
the arms 1 cm. from one of the arms. Also draw the locus of all 
points between the arms 2 ems from the other arm. Hence find 
a point 1 cm. from one arm and 2 cms. from the other 

Measure the distance of this point from the angular point, 

5. Draw an angle of . r >0°. Find a point within the arms of the 
angle 3 cms. from each arm. Measure the distance of this point 
from the angular point. 

6. Draw a triangle a -7, b~ 6, c -5 ; and find a point P in AC 
equidistant from B and C. Measure PC 

7. Draw a triangle a- 5, &--10, c-1. Find a point K in BC, 
equidistant from AB and AC. Measure these equal distances, and 
also KB and KC. 

8. Draw a triangle, sides 5, (1, 7, and find a point equidistant 
from all three sides. Measure these equal distances. 

9. AOB is a diameter of a (irclc, centre 0 and radius 3 cms. 
Find a point on the circumference equidistant from 0 and B and 
measure its distance from A 

10. AB and CD are two parallel lines 3 inches apart; a point P is 
2 inches from AB and 1 inch from CD ; draw its locus. If the 
point P is also 3 inches from a given Tpoint X on AB, find its position. 

11. Show how to find two points, each equidistant from two 
given points, and^cach 1 cm. from a given line 

12. Show how to find a point equidistant from two points and 
at a given distance from a third point. 

This problem is not always possible, state in words when you 
think it is impossible. 


13. Draw a AABC with AB-2-fiins., BC~2ins, AC-Mins. 
Show how to find all the points that are 0-fl in. from BC (or BC 
produced), and equidis^nt from AB and AC (or AB produced and 

AC). X ^ 

(Make BC more or less parallel to the 
long edges of your paper.) 


14. Find the points in the line AB 
which are equidistant from the two 
intersecting lines X and Y (Fig. 248). 

15. Draw a AABC on a base BC of 



length 5 eras., so that its height is 4 cms., and the side BA=4*5 cms. 
Measure the two values of AC. 
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16. Draw any triangle ABC. Construct the locus of points equi¬ 
distant from AB and AC, also tlfc us of points equidistant from 
B and C. Hence find the point which is equidistant from AB and AC, 
and also equidistant from B and C 

17. In a AABC, BC--">*4 ems , BA 4-I) erns , CA--3*7 cms., what 

is the locus of points which are equidistant from B ami C, and less 
than 1 inch from A. 1 

18. Essential parts of a mechanism for fastening a gate are shown 
in Tigs. 210 and 250, which are not drawn to scale. It consists of 
3 rods, AB, BC, CD, free to move about pi\ots at B and C The rods 
are in thtv same vertual plane. AB is vertical when the gate is 
closed ; BC turns on a fixed pivot at F , the free end of CD shoots 
into a slot of the gate post and so fastens the gate Certain parts 
of the gate serve as guides for the rods, hut these >ou need not 
consider 



To open the gate, A is pushed down to a, and the downward motion 
thus given to B causes BC to rotate about F, and thtis the end D of the 
rod CD is withdrawn from its slot in the gate post. 

Draw the mechanism to a scale of 1 v ni to 1 im h, placing AB in the 
middle of the page, showing first the position of the rods for the closed 
gate with dotted lines, and then, on the same diagram, their position for 
the opened gate with continuous lines, given that the rod AB is 12 ins 
long. BC f> ms. (BF being 2 ins and FC 3 ins ), CD 10 ins , and note 
that »« the first position l. ABC is 120° and - BCD 35°. 

For the second position suppose A to have been pushed down 
through a vertical distance of ins. to a, and the rod CD to be so 
supported that D's final position is 1$ ins. further to the right than 
before, but not on the same level, and remember that all parts of the 
mechanism are movable except the pivot F, which is fixed throughout. 
Denote the new positions of the rods by ab, be, cd, indicate the paths 
of B and C, and state clearly how you determine the final positions 
of B and D. Show all linCs of construction, and mark the various 
dimensions on your figure. (Army.) 
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AREAS. 

It is not always easy or possible to tell by inspection winch 
of two arcSs is the larger , nor is it possible to say how many 
times a smallet area is contained in a largei, nor even if two 
areas are equal. 

We could not tell by inspection that the two ligmes, 2a 1 
and 252, are equal in Aiea, but Geometry decides the fact 
that they are equal. 



I I'r 251. I u. 252 


An approximate practical m< tliod of estimating Area is to 
draw the figures on Squared Paper and to count up the small 
squares, neglecting any portion of a small square which 
looks less than half and counting as a whole any portion 
which looks more than a half. 

Geometry uses the idea of this method , it first selects a 
square to be taken as the Standard or Unit Square, and then 
proceeds to find methods by aelncli the actual number of 
squares contained in a ligure may he calculated 

In actual practice in surveying, the chain ( -100 links) 
is frequently used as the unit of length, the chain containing 
22 yds. 

Thus, I sq. chain = 22 s sq. yds - 4H4 sq. yds. 

• = acre. 

Figures which have the same area are often called Equiva¬ 
lent Figures. 
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THEOREM 18. 

The area of a rectangle is measured by the product of the 
measures of its sides. 1 

Take a rectangle, sides 5 and 3 cms., Fig. 253. 

Draw parallels as in the figure. 



The student will have no difficulty in seeing that the 
small quadrilaterals are squares with each side 1 cm. 

In each row there arc 5 small squares and there are 3 such 
rows, 

.'. the area of the rectangle is 3 x 5 or 15 sq. cms. 

A similar result holds for any numbers which may be 
chosen. 

Thus, area of a rectangle=length x breadth. 

This may be put algebraically : 

the area of a rectangle of sides a and b cms. 

=*ab sq. cms. 1 

In the above figure the rectangle is said to be contained 
by any two adjacent sides such as ab and AO, and the area 
may be written AB. ad. 
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THEOREM 19. 


The area of a parallelogram is equal to the area of. a 
rectangle op the same base and between the same parallels. 



Let ABCD and PQCD be a parallelogram and rectangle on 
the same base DC and between the same parallels DC and 
AQ, so that they have the same altitude or height. 

We have to prove that 

area of in'" ABCD =arca of reel. PQCD. 

Proof. In the two right-angled is DAP, CBQ, 

AD=^BC, (opp sides of tn m ) 

DP=CQ, ( „ rect.) 

APD -BQC, (rt. angles) 

.'.DAP;-:. CBQ, 
and in particular, are equal iij area. 

/. fig. ADCQ - /.CBQ = fig. ADCQ - .'.DAP, 
i.e. area of □“ ABCD = area of rect. PQCD. 

Cor. 1. The area of a rf is measured by the product of 
the measures of its base and altitude. 

Area of □” ABCD = area of rect. PQCD 
= DC.DP 

* base of a” 1 x alt. of o"‘. 

Cor. 2. Parallelograms on the same or equal bases and of 
the same altitude are equal in area (Fig. 256). 

Cor. 3. If two parallelograms 
of tiie same area have the same or 
equal bases, their altitudes are equal, 

(See Cor. 3, Theorem 20.) 
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THEOREM 20. 


.The area of a triangle is one-half of the area of a rectangle 
on the same base and between the same parallels, 




Fig 257. 


Let ABC lie any tiiangle 

Construction Draw AP an altitude peipendicular to BC. 

Draw QAR parallel to BC and BQ, CR 1" to BC. 

Then the .'.ABC and met. QBCR arc on the bame base BC 
and between the same parallels BC and QR. 

We have to prove that 

area of „\ABC - j area of red. QBCR. 

Proof. The diagonal of a parallelogram divides the 
parallelogram into two congruent triangles, 

ABP - \ red. QBPA, 
and \APC = .t red. APCR , 
by addition in Fig. 250 and subtraction in Fig. 257, 
area of . >ABC = 1 area of rect. QBCR. 

Cor. 1. The area of a A is measured by one-half the 
product of the measures of its base and altitude. 

Area of .\ABC = } area of rect. QBCR 
= 1BC.BQ = £BC.PA 
= 1 base x height. 

Cor. 2. Triangles on the same or equal 
bases and of the same altitude are equal in area (Fig. 258). 

Cor. 3. If two triangles of the same area have the same 
or equal bases their altitudes are equal (Fig. 259). 



Fig. 258. 
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In particular, if two triangles of the same area stand on ■ 
the same side of the same ba'se\ or of equal bases in the same 
straight line, they are between the same parallels. 

(i) Area of AABC=areaof DBC, 

BC . AP = BC . DQ, 

AP = DQ. 

(ii) Since AP and DQ are botli ]>rrp toBC, 

AP j; DQ ; 

but AP = DQ, 

AD |j BC, since AD and BC join the extremities of equal 
and parallel lines. 

If any number of triangles of equal aiea stand on (lie 
same side of a common base, it follows that the loins of the 
vertices is a straight line parallel to the base 



THEOREM 21. 

If a parallelogram and a triangle stand on the same base, 
and are between the same parallels, the area of the parallelo¬ 
gram is double that of the triangle. 



Let ABCD and DPC be a parallelogram and triangle on the 
same base DC and between the same parallels DC and AB 

or AP, 

We have to prove *t hat 

area of o'" ABCD = area of . DPC. 

Proof. Area of tri" 1 ABCD = DC x altitude, 

Area of A DPC = {DC x altitude, 
and since the altitudes are the same, 

area of o“ ABCD = 2 x area of a DPC. 
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THE AREA OP A •TRAPEZIUM. 

Def. A trapezium is a four-sided figure with two of its 
sides parallel. 

Let ABCD be a trapezium with AB and ot parallel. 
Join 80 , 

Draw DM and BN perp. to BA 
produced and DC respectively; since 
DM and, BN are perp. distances 
between the same two parallels, 

DM = BN = h (suppose). 

Area of trapezium = A ABD + / BDC Fl0 . ^ 

= 1AB.A + 1DC.A 
= j(AB+DC)/i; 

i.e. area of trapezium =the product of half the sum of the 
parallel sides and the perp. 
distance between them. 
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NUMERICAL EXAMPLES ON AREA. 

The area of a figure such as Fig. 262 is found by dividing 
it into rectangles. 

A = 3x5 = 15; C = 6x3--18 ; 

B=5x2 = 10; 0=4x10=40; 

E = 2x3 = 6. 

area = 16+ 10+ 18+40+ 6 
= 89 units of area. 

The area of a figure such as Fig. _ 

263 is found by dividing it into triangles. 

Suppose AC =6; AD = 10; AE=8; the lengths of the 
altitudes are marked in the figure. , D 

AABC = J . 3 . AC =9, 

AACD = j . 5 . AD =26, 

A ADE = J . 6 . AE = 24, 

A AEF = j . 4 . AE = 16 ; 

/, area =9 + 26 + 24+16 
=74 units of area. 
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FIELb BOOK. 

It is often convenient to measure an area by dividing it up 
into right-angled triangles and trapeziums from records 
given in a table such as the following : 


0 



Fig. an 

It will be seen from tire figure that 
AD =- 400, 

AS -- .‘110, SE — 00, 

CR = 100, AR — 200, 

AQ = 105, QF-90, 

BP-70, AP-60; 

Now area of 

AABP-jAPxBP -Jx 60 x 70- 2100sq. yds. 
trap” BPRC = $PR(BP+CR) = $ x 190 x 170-16160 sq. yds. 
ACRD = $CRxRD = J x 100x160 - 7600 sq. yds. 
AD8E — jDSxSE -Jx 88 x 60 — 2640sq. yds. 
trap” E8QF = i<JS(8E + QF) - i X 207 X160 = 15526 sq. yds. 
AAFQ-JAQxFQ = j x 105 x 90 - 4725 sq. yds. 
area of field ABCDEF -48640 sq. yds. 
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CONSTRUCflON 6. 

’To construct a triangle equal in area to a quadrilateral. 



Let ABCO he a quadrilateral. It is required to construct 
a triangle of the same ;uea. 

Construction join BD and diaw CH |j to BD meeting AD 
produced at H. Join BH. 

Proof. The As BDC and BDH are on the same base BD 
and between the same jj BD and CH ; they are therefore equal 
in area. 

Hence A.ABD + A BCD - AABD + A BDH ; 

area of ABCD = AABH. 

To construct a polygon equal in area to a given polygon, 
but having one sale fewer. 

Let PQRSTMH be any polygon 

Construction. Join any angular 
point M to the next but one S. 

Draw TA || SM meeting HM pro¬ 
duced at A. 

Proof. Exactly as in the last 
construction, 

ASMA = ASMT ; 

A. area of PQRSMH + ASMA -PQRSMH f ASMT ; 

A. area of PQRSAH - area of PQRSTMH ; 
thus we have constructed a 6-sided polygon equal to one 
with 7 sides. 

By reducing the new polygon to one of 5 sides, and so on, 
we can ultimately obtain a triangle having the same area as 
the polygon. 



H M A 

Vm. 260. 
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EXERCISE 26. 

1. Draw a triangle ABC where AB-G cms , CA-6'2cms. and 
BC=0*7 cms. . 

Draw perps. AD, BE, CF to the opposite sales 
Calculate the area of A ABC by finding the \ allies of 
AAB-CF, ABC ■ AD, JCA * BE 



2. Construct a triangle ABC on squared paper, B . r »G°, a- 7*2, 

c Find the area h\ lountmg the small squares Measure the 

altitude from A, and hem e Itnd the an a b\ a dillei< nt method. 

3. Construct a triangle ABC having an area of 8 sq cms, the 
side BC 4 cms long, and the side AB Im mis long Measure the 
length of AC m the two cases 

4. ABC is a triangle, in which AB 2*1 inches, BC 2*2 inches, 
and the perp from C to AB is l*f> inches ( onstruct the triangle, 
measure AC in both cases and calculate the area 

5. Construct a CJ" on squared f paper, sides 4 and 0 and one 
angle 54°. Find the area by counting small squares. Measure the 
height of the CT" from a side G and again find ar< a 

6. Draw an" 1 with sides 4-3 and 3-4 cms and <ontained angle 62°. 
Find its area 

7. Draw ad"’ with two sides 3*2 and 2-7 ini lies and a diagonal 
3-8 inches. Find its area. 

8. Draw a o m with sides 5-G and 4-7 cms and contained angle 
44°. Then draw a rhombus equal in area and with all its sides 
5-6 cms., and measure its diagonals. 

9. Draw a rhombus with sales 3-4 cms. and diagonal 3 9 cms. 
Find its area. 

10. Draw a cr n with diagonals 3-8 and 5-8 cms. and the angle 
between them 54°. Find its area. 

11. Draw an isosceles A on a base of 4-2 cms and vertical angle 
40°. On the same base draw' another triangle of equal area and with 
one of its base angles 50°, and measure its sides. 
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12. One set of parallel lines are 4-5 cms. apart and another pair 
3-3 cms. apart; if they cut at 4fi # , fyid the area of the parallelogram 
so formed. 



13. Draw am*" of area 9-4 sq. cms. on a base of 4*7 cms. with one 
of its diagonals 3*2 cms. Measure the other diagonal. 

(Calculate the height of the O'".) 

14. Draw a O'" of area 35 sq. cms., and sides 0 cms. and 7 cms. 
respectively. Measure the diagonals. 

15. Draw a triangle on a base of 4-7 cms. and area 20-21 so. cms., 
with one of the base angles 52°. Measure the lengths of the other two 
sides of the triangle. 

16. Draw a trapezium ABCD in which AB = 3 cms., AD=6-2 cms., 

A 

DC -=7 cms and ADC -GO 0 . 

Find the area. 



17. Calculate the area of the symmetrical T-shaped figure with 
the given dimensions in cms. (Fig. 270). 


18. Calculate the area of the L-shaped figure with the given 
dimensions in cms. (Fig. 271). 



Flo. 270. Fio.271. Fio. 272. Fio. 273. 


19. Calculate the area of the symmetrical E-shaped figure with 
the given dimensions in cms. (Fig. 272). 
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20. Calculate the area of the H-shaped figure with the given 

dimensions in cms. (Fig. 273). • • 

21. Calculate the area of Fig. 274, the dimensions being given 

in cms. * 





Fig 274 Fio. 275 

22. Calculate the area of Fig. 275 in stj cms. 



Fig. 276. 


23. Calculate the area of Fig. 276 in sq. inches. 



to 

Fig. 277. 


24. Calculate the area of Fig. 277 in sq. inches. 
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25. Calculate the areas of fields taken from 


Yards 


». » 

Metres.! 

HO 


50 1 

48 

18 

42 

32 

10 6 

30 ! *120 

15 


20 ! 20 

10 

16 

-1 
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160 


VO 
340 
260 
120 100 


26. Construct a parallelogram having its diagonals 10 cms. and 
9 cms., and containing an area of 40 sq. cms. Measure its sides. 
(Calculate the perp. AB and thus first construct a quarter of the 
Fig. 27H). 




27. ABCD (Fig. 270) is a rough sketch of a level field on a scale of l in. 
to 50 yards. AD -- 3-7 inches, and the angles marked are given. Draw 
the figure and calculate the area of the field in sq. yards. (Army.) 

28. Construct a quadrilateral ABCD having AB -7 cms., AD = 10 
cms, l ABC-120°, -BAD ?80°, - ADC-70°. 

Find the area of the quadrilateral. 

29. Construct a quadrilateral ABCD from the following data : 
AB 3 ms., BC 2 ms , AC -3*0 ms , -BAD 104°, BD=4 ms. 

Determine the area of this quadrilateral correct to the nearest 
tenth of a square inch 
(First construct A ABC.) 

30. Construct a triangle having sides 6’4, S'6, 11*2 cms. long. 
On the longest side construct a parallelogram equal in area to the 
triangle and having one of its angles equal to 70°. 

Measure the shorter sides of the parallelogram. 

31. Construct a quadrilateral ABCD from the following data : 
AB is parallel to DC. AB=10*8cms., CD=T>-6 cms., AD=6\3cms., 
and lB=60°. Find its area. 

(Draw CE parallel to DA meeting AB at E. Construct ACEB.) 

32. Construct a quadrilateral ABCD having AB= 3-9 ins., BC=3 ins., 

CD = 2-7 ins., ABC=60°, BCD = 97°. 

Construct a rectangle of equal area on AB as one side, and measure 
its height. 

(Reduce quad, to a A with AB for one side, then convert A into a 
rectangle.) 
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33. Draw a pentagon ABODE with AB = 4, 


DE-.'M, EA = 2-7 cms., BAEJ110*, ABC 115°. 
triangle and find its area. 


129 

BC=3*2, CD--4-3, 
Keduce it to a 


34. Construct a convex quadrilateral LMXY, having LM= 10 cms., 
MX=7*3 cms., XY-(F5 cms , LY -5*1 cms , and the angle MLY-65 0 . 

Construe# a triangle of equal area, and find its area m square 
centimetres. 


35. Construct a rectangle, with one side 
2*8 cms , equal in area to a ret tangle of salt', 

4-3 anti 3*4 cms Measure the other side 

(Use the method of K\ 22, 21, Fig 280 ) 

36. Construct a parallelogram, with one 
side 4*2 cms. and one angle O.V, cqu.il in 
area to another parallelogram with sides 
3*4 cms. and 3*1) cms , anti contained angle 
fla 3 Measure the othei side 

37. Draw a quadrilateral ABCD with AB 3-2 < ms , BC 4*9 cms., 

A A 

DA-4'2 cms, A ll.V.B loo 1 ' Hedut e it to an equivalent triangle, 
then to a rectangle, and linallv to another ret tangle with one side 
5*4 cms. Measure an adjacent side of tin' ie< tangle 

38. Draw a pentagon ABODE with AB 3-2. AE 4-2, EB--5*4, 
EC-4'3, BC - 2*3, ED 3-7, CD 2-Suns Kedut e it to an equivalent 
triangle and thence into a parallelogram with one angle 72 ,J . 

39. Draw a / ABC with </ 5-4. b 3-7, r 4*2 tins. Draw an 
equivalent /.DEC, with one side DC 4-8 t ms Measure DE, EC. 

(Note that the triangles have a common angle at C, Fig. 281.) 

D 


\ 

C 




40. Draw a AABC with a-fi*7, b -4*3. c- 6-4 cms. Draw an 
equivalent A DBC with one side DC 7 tins 
Measure the two values pf BD (Fig. 282) 

(Note that the triangles have a common 
side BC.) 

41. Draw a A ABC with a 0-4. b 4-7, 
c- 5*2 cms., and then construct an equiva¬ 
lent right-angled A with one side 4 cms. 

Measure its hypotenuse. 

(Convert the A ABC into an equivalent 
ABCD with CD-4 cms, and then draw right-angled ACDE 
equivalent to A CDB.) 

B.S.G. 



iio. 282 
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42. Draw a AABC with a=5*4, b= 4*7, c=6*l cms. On the same 
base BC construct an equivalent A BCD with CD =6*2 cms. Then 
on CD as base construct another equivalent isosceles AC DE. Measure 
the sides of the isosceles ACDE. 

(We have thus drawn, on a given base, an isosceles triangle equi¬ 
valent to a given triangle.) 

43. Draw an equilateral AABC with sides 6 cms.; construct an 
equivalent AACD with AD -7*6 cms. On AD as base construct a 

AADE equal in area to AACD and with ADE-55 0 . Measure AE 

(We have thus drawn a triangle, with one side and one adjacent 
angle of given magnitudes, equivalent to a given equilateral triangle.) 

44. Draw two lines OX, OY inclined at an angle of 66°; along OX 
measure OA -IT) inches, OB 2*0 inches; then on AB construct a 
triangle ABC of area 1*26 sq. inches and having its vertex C equi¬ 
distant from OX and OY Measure the sides of the AABC. 

45. ABC is a triangle, M is the middle point of AB and N of AC ; 
prove that the triangles BMC and BNC are equal in area. 

46. D, E, F are the middle points of the sides BC, CA, AB of a 
triangle, and G is the centroid (i.e. the intersection of the medians 
AD. BE, CF) ; prove that any such triangle as BGD is one-sixth of 
AABC. 

47. ABCD and ABEF are two parallelograms on the same base and 
between the same parallels ; P and Q arc the mid points of AD and 
BE respectively. Prove that the triangles PCD, QEF are equal in area. 

48. ABCD is a quadrilateral in which AB is parallel to DC. The 
diagonals AC, BD intersect at 0. Prove that the triangles AOD, 
BOC are equal in area. 

49. P is any point within a parallelogram ABCD ; prove that 
the sum of the areas of the triangles PAB, PCD is equal to the sum 
of the areas of the triangles PAQ, PBC (Fig. 283). 

(Draw XPY parallel to AB ) 


A 



Fro. 283. Fro. 284. 


50. If ABC is an isosceles triangle and BQ, CP are drawn perp. to 

AC. AB, prove that PQ is parallel to BC (Fig. 284). * 

51. If ABC is any A and X, Y are the middle points of AB, AC, 
prove the area of A AXY=JA ABC. 



AREAS 
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52. If P, Q, R, S are the middle points of the sides of a quadri¬ 
lateral ABCD, prove that the area of the □"> PQRS= 1 area of ABCD. 



D R c 


285, 

53. ABCD is a o'" and P the middle point of CD. If AP and BC, 
when produced, meet at Q, prove that area of ABPQ=J area of 
ABCD (Fig. 286). 

(Note that ACPQ, - ADPA.) 



B C Q B C 

Fig. 280. I k.. 287. 


54. ABCD is a quadrilateral, in which the sides AD, BC are parallel 
and E is the middle point of CD. Prove that the area of the triangle 
AEB is half the area of the quadrilateral ABCD (Fig. 287). 

55. Prove that the area of any rhombus is one-half that of a rect¬ 
angle whose sides are equal in length to the diagonals of the rhombus. 

56. ABC is a triangle, X a point in AB such that AX >XB, and D 
the middle point of AC. Join XD and draw BY || XD, meeting AC 
in Y. Join xY. Prove that XY bis&ts the area of the A ABC. 

(Join BD and note AXBD is equivalent to AXDY, Fig. 288.) 

A 



B Co 

Fio. 288. Fio. 280. 


57. Two triangles ABC, DBC, equal in area, are on the same base 
BC and on opposite sides of it. Prove that AD is bisected by BC. 

(Draw perps. from A and D to BC, Fig. 289.) 

58. ABCD is a quadrilateral, K is a point in AD produced and CK 
is parallel to the diagonal BD ; prove that the area of AABK is equal 
to the area of the quadrilateral. 
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59. ABCD is a trapezium in which AB is parallel to DC. DF 
drawn parallel to CB meets AB,» produced if necessary, in F. E is 
the middle point of AF. Prove that the area of the AEBC is one-half 
that of the trapezium. 

60. ABCD is a square; P is any point in AD ; CP and BA are 
produced to meet at Q, and DQ, is drawn. Prove thattthe triangles 
QPD, APB are equal in area. 

61. ABCD is am m and through A a straight line AQP is drawn, 
cutting BC m Q and DC produced in P. Prove that the As BQP 
and DQ,C are equal in area 

62. Bisect a quadrilateral by a line drawn through one of the 
angular points 

(Reduce the quad to a triangle ) 

P 



63. Prove that the area of a quadrilateral is equal to one-half a 
parallelogram of sides equal and parallel to the diagonals of the 
quadrilateral (Fig. 2'.H)). 

THEOREM OE PYTHACORAS. 

(i) if a right-angled .ABC is constructed with AC =3 cms. 

AB =4 cms. and CAB INI', then, on measurement, it will be 
found that BC =5 cms. 

Now 5 2 = 25 and 3 2 +4 2 = 25; 

i.c. BC 2 = AB 2 + AC*. 

(ii) If any right-angled triangle is constructed on squared 
paper and the squares on AB, BC, CA drawn, then, on counting 
the small squares, we again find that 

BC 2 = AB 2 + AC a . 

(iii) If any right-angled triangle and the corresponding 
squares are drawn on card-board, and the three squares cut 
out and weighed, we find that the square on BC weighs the 
same amount as the sum of the squares on AB and AC. 
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THEOREM 22. 

In a right-angled triangle, the square on the hypotenuse 
is equal tcfthe sum of the squares on the other two sides. 

( Pythagoras' Thturem.) 



1 K. SlU, in. uur 


Let ABC be a triangle having a rt. _ at A. 

Then we have to prove that 

BC 2 CA 2 -t AB 2 . 

Construction. On the sides describe vjs. as in the figure. 
Draw ATM 1] BH or CK. Join RC, AH. 

Proof. Since the BAS, BAC are rt. _*; 

.'. SAC is a str. line. 

In the two A* ABH and RBC, 

(i) AB = RB, (sides of a sq.) 

(ii) BH*=BC, (sides of a sq.) 

(iii) inc. ABH -90” +ABC = inc. RBC ; 

A. AABH A RBC. (2 sides, inch angle) 

But AABH = 1BHMT (same base BH ; same || AM, BH) 
and ARBC = JABRS, (same base RB ; same |j RB, 8C); 

BHMT =ABRS. 
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Similarly, by joining AK and BQ, we can prove 
TMKC = ACQP; 

by addition, BCKH =ABRS + ACQP, 
i.e. sq. on BC =sq. on AB +sq. on AC.' 


Note the first proof of this Theorem is ascribed to Pytha¬ 
goras (about /XX) b.c.), though the above proof is due to 
Euclid (about 300 n.c.). The Egyptians seem to have 
been acquainted with some applications of the theorem. 


Perigal's method by Dissection. 

Through the middle point of the sq. on AB, draw lines || 
and 1“' to BC. 



Fro. m 


Through the middle points of the sides of the square on 
BC draw lines || to AB and AC alternately. 

The areas marked P are all congruent, and those marked 
Q are equal squares 

Thus the squares on AB and AC can be made to exactly 
fill up the sq. on BC. 
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Arithmetical Notes. 

(i) If two sides of a right-angled triangle aye given, it is 
easy to cajculate the third ; e.g. if the sides containing the 
right angle are .‘1 and 4 ins., the length of the 
hypotenuse is given by the equation 

A s = 3*+4* = 0+l«=-25; 

h - v 2f) =• 5 ills. I k.. 204. 

This fact, that if the sides of a A are 3, 4, 5 hnits, the 
angle opposite the greater side is a right angle, is one of 
the practical methods of laying out two lines at right angles 
on the ground. 

Also, if the hypotenuse and one side are 7 and 3 ins., the 
third side x is given by the equation 
7 2 -3 2 +x i ; 

* 2 =49-9 =40; 
x =\/40 =6-32 ins. 

(ii) This suggests an easy method for finding the square 
root of 40 by accurate drawing, and also of any other number 
which can be expressed as the sum or difference of two 
square numbers. 

(iii) In the case of a right-angled ABC (Fig. 296) in which 

BAC = ABC =45°, 

let AC = CB = 1, then 

AB 2 =AC*+CB S = 2 ; 

AB =v2. 



Fig. HIM. Fig 297. 


(iv) In an equilateral AABD (Fig. 297), if the angle ABD is 
bisected by BC, then ABC =30° and BAC « 60°. 
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Since the a* ABC, DBC are t congruent, 

AC = 1AD~JAB; 

,\ since AB 3 = AC 2 +CB 2 , 

4 1 tCB 2 ; 

A CB 2 3, i.e. CB= v /3. 

To find the ana of a triangle ABC, if AB = 
BC -7 c'nFi., CA (i nns. 



Draw a perp. AD from A to BC , let BD .v cnis., AD = 
From the iight-angloil ’ ABD, 

p‘ l i a s - 25 ; . 

from the . ADC, p- i (7 - .r) 2 - :i(i; 

25 — a 2 30 - (7 — v ) z , by equating values of p* 
14 .v -38, 
i.e. x -- '. 


Substituting in (i), 


/>* =-25-(>.>•)* =' 

V Hti4 
/) = AD= „ . 


Area of AABC-fBC . AD - j . 

= 14-7 sq. cms. 



V'2I() 


5 cms., 


p cms. 

.(i) 
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THEOREM 23. 

If the square on one side of a triangle is equhl to the sum 
of the squires on the other two sides, the angle contained by 
these two sides is a right angle. 



Let ABC be a in which 

AB a +CA 2 —BC 2 . 

Then we have to prove that A is a rt. 


Construction. Describe another triangle having P=90° 
and PQ=AB, PR = AC. 

Proof. QR 2 =Pa 2 +RP* P=tH)°) 


-A8 2 +CA 2 
*=BC 2 ; 

QR-BC. 

AABC^APQR, 

A A 

and in particular A = P. 

A 

But P was drawn a rt. 


(Construction) 

(Hypothesis) 

(3 sides) 
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EXERCISE 27. 

1. Calculate the lengths of the diagonals of rectangles in which 
the sides are 

(i) 5 cms., 0 cms., 

(ii) 3 cms., 4 cms., 

(iii) 4-2 ft , 5-7 ft. 

2. Calculate the third side of a right-angled A ABC, given that 
angle A=90°, and 

( 1 ) a =10 cms, 6---8 cms., 

(ii) a-8*4 cms, c- 4*3 cms., 

(in) 6-4*9 cms , c--0*7 cms 

3. Of the three sides of a right-angled triangle the greatest is 
8 inches and the least 5 inches long , find the length of the other side 
correct to two significant figures. 


4 . A telegraph pole is steadied by a tight wire rope fastened to 
the pole at a point 10 feet above the ground and to a peg in the ground 
9 feet from the foot of the pole ; calculate, within half an inch, the 
length of the wire if the pole is upright. 

5. Construct an accurate figure from which may be read the 
values of v'lO, sl9i, \'28, v ; 37, and state what they arc. 

6. Construct a right-angled triangle with sides 6 and 0, and thus 
find s/61. 

7. Construct a right-angled triangle with Tides \ f b and \/6, and 
thus find *J 11. 

8 . ABCD is a square, side 2 ins. The diagonal AC is produced 
to K. so that CK=$AC ; KM is drawn ±* r to AB produced ; find the 
length of KM by accurate drawing, and venfy by calculation. 

9. If the length of a lawn-tennis court is* 78 ft., and the breadth 
36 It., calculate to ^ ft. the distance between two opposite 
comers. 

10. A room is 18 ft. long, 13 ft. broad and 11 ft. high. Calculate 
(to the nearest inch), the diagonals of (i) a long wall, (ii) a short wall, 
(iii) the ceiling. 

11. A man walks 4 miles East, then 3 miles North, and aftenvards 
2 miles East. Represent this on squared paper and obtain the 
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distance between his original and final positions by (i) measurement, 

(ii) calculation. * * 

12. Repeat Qn. 11, if the man walks 5 miles East,-3 miles North, 

2 miles West. 

13. The base of an isosceles triangle is 14 inches and the equal 
sides are each 25 inches. Calculate the height of the triangle and 
thence its area. 

14. Find the area of an equilateral A if the side Is II inches. 

15. A wire is stretched between the tops of two posts, which are 

22 ft. and 13 ft. high, and 12 ft. apart Calculate the length of the „ 
wire (Fig. 300). 



A X Y 0 

Fig 300. I ig fll. 


16. A wire ABCD (Fig. 301) is stretched from A to D over the tops 
of two posts BX, CY. 

If AX=10 ft., XY=13 ft., YD--12 ft, BX 15ft., CY=19ft., 
calculate the length of the wire. * 

17. A section of a railway cutting is in the shape of a trapezium 
ABCD. If BC=26 ft.. AD = 38 ft., and the depth of the cutting 
8 ft, calculate AB, if AB-DC (Fig. 302). 


A D 



Fig. 302. 


18. If the diagonals of a rhombus arc 6 and II cms. respectively, 
calculate the lengths of the sides and the area of the rhombus. 

(Note that the diagonals bisect one another at right angles.) * 

19. If the sides of a rhombus are each 5*7 cms. and a diagonal 
8*6 cms., calculate the length of the other diagonal. 
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20, The edge of a cube is 2-3 inches. Draw one face of the cube 
and measure the diagonal of the ftice fn inches. Draw also a section 
made by a plane drawn through a pair of opposite edges of the cube. 
Measure the diagonal of the cube in inches. 

21, The height of a cone is 3*1 ms , and the diameter of the base 
is 2*0 ins. Find the distant c fioin the vertex to any point of the 
rioi of the base. 



22. A hut lias the dimensions shown in the Jigme. Find ( 1 ) the 
area of the four walls, (ii) the area of the roof 

23. A pyramid lias a square base, of side 3 inches, and each of its 
other edges is of length 4 inches 1-ind the perp distance (OM) of 
the vertex from the base, and the total surface area of the 
pyramid. 

(Find BM and note that angle OMB -90") 


• 0 



B C 


l-io. 304. 

« 

24. A pyramid OABCD has a square base ABCD. Fach side of 
the square ABCD is 8 feet, and each of the slant edges 0A, OB, OC, OD 
is 9 feet. Find the height of 0 above the base. 

25. A room is 20 ft. long, 10 ft. wide, and 10 ft. high ; a cord is 
stretched straight from one corner of the floor to the point where 
the diagonals of the ceiling intersect. Estimate from drawings the 
length of this cord and the distance of its middle point from the other 
corner of the same end of the floor (Fig. 305). 
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(Find AE by drawing and construct rect. ACOE ; mark M and 
draw AOB.) , , 




1‘lC, ,«(.) 


1 l(. .1(111. 


26. Fig. 31 Hi is a rough sketch of a red angular block, the ends 
ABCD and PQRS being equal squares of side 3 inches The edges 
PA, QB, RC, SD are each 3*6 int lies A p\iatmd VABCD is inscribed 
in the block, having its \crtc\ V at the intersection of the diagonals 
of the square PQRS 

Draw full size the set lion of the figure bv the plane PRCA, and 
draw also the true shape of one of the sloping faces (VAB) of the 
pyramid. Calculate the length of one of the sloping edges (VA) of 
the pyramid and check b\ nieasmem< lit from vour figure. 

27. A room is 10 ft long, 12 ft broad and lo ft high A fly is in 
the centre of an end wall and wislu s to go to a point on the opposite 
wall situated 2 It from the .side and 2 ft from the< tiling. Calculate 
the shortest distance it will have to travel. 0 ) by walking round the 
walls, (n) by crossing the ceiling, (in; In living 


2_ 6 



2 5 

i 





72 i? iT 


I ig. 3u7. 

(In the first case unfold the walls, so that a long wall and the two 
end walls are all in onc^lanc ) 

28. Prove that the square on the diagonal of a given square is 
twice as large as the original square. 

29. In any A ABC, AD is drawn perpendicular to BC , prove that 

AC*~ AB 2 -DC*~ DB*. 

30. K is any point within a rectangle ABCD , prove that 

AK* f CK*-BK* 4 DK*. 
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31. ABC is a triangle right-angled at B, and X any point in BC ; 

prove that AX*+BCV=AO*+BX*. 

32. ABCD is a quadrilateral such that the diagonal AC is perp. 
to the diagonal BD. Prove that 

AB’ + CD*=AD , + BC'. « 

33. In an equilateral A ABC, ii AX is perp. to BC, prove that 

AX*= JBC*. 

34. In a rhombus the lengths of the sides are each a, and the 
diagonals x and y respectively ; prove that 

ia l -x* 1 y 1 . 

35. ABC is a triangle . PD, PE, PF are perpendiculars from a point 
inside to BC, CA, AB respectively ; prove that 

AF’i BD 1 1 CE’^AE* l-BF’ + CD'. 

38. In a right-angled triangle ABC, right-angled at C, if P and Q 
are the middle points of BC, CA, respectively ; prove that 

4(AP> • BQ'HnAB'. 



37. If AC is perp. to DE (Fig*. 308), prove that 

AD*-BO’-AE’ BE’. 

38. ABC is an equilateral triangle, and CY=[CB ; prove that 

AY*=13YC'. 

A 


B Y C 

Fig, 30fl. 

39. P and Q are any two points in the sides AC, AB of a triangle, 
right-angled at A. Prove that 

PQ' + BC*=BP'4CQ’. 
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40. ABCD is a quadrilateral such that the sides DA and CB meet 
at right angles when produced : prove that 
AC*+BD’=AB’ + CD*. 

41 ABCD is a square ; points E, F, G, H are takfn on AB, BC, 
CD, DA such that AE~BF=CG = DH = | of the side of the square. 
Show that the area of the square EFGH is J of the area of the 


square ABCD. 

42. ABCD i a square ; AB is produced to P, so that BR=2AB : 
andBC CD DA are similarly produced to ft, R, S , prove that PftKS 
is a square having 13 times the area of the original square. 

43. ABCD is a square whose side is 10 nils. ; PftR is an ‘equilateral 
triangle having P at the middle point of AB. ft on AD and R on BC. 
Calculate the lengths of Aft and AR. 




•PART II. 


CIKCLKS. 

THEOREM 24. 

The straight line drawn from the centre of a circle to 
bisect a chord is at right angles to the chord, and conversely, 
the straight line drawn from the 
centre of a circle at right angles to a 
chord bisects the chord, 

(i) Let PCI he any chord of a chile 
PQR, C tile centre and M the middle 
point of PQ. 

We have to piove CM is ! " to PQ 

Construction. Join CP, CQ, CM 

Proof. In the '' CPM, CQM, 

( 1 ) CP CQ, 

(u) PM MQ, 

(iii) CM is common , 

,'CPM CQM, (It Miles) 

and in particular, Chfp CMQ !M> ; (adj angles) 

CM Is ixi p. to PQ 

/ \R 

(ii) Let PQ be any chord of a mile 
PQR, C the centre and CM ! 11 to PQ. 

Wc have to prove PM MQ. 

Construction. Join CP, CQ 

Proof. In the rigjjt-angled 'CPM, 

CQM, 

(i) CP - CQ, (radii of same circle) 

(ii) CM is common ; 

.'. A CPM ; /.CQM, (hyp. and 1 side) 
and in particular, PM =M(J ; 

CM bisects PQ. 





/ 

/ 

{ } 

f.j 

p " t 



(i.idii of same 0) 
(Hypotli.) 
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It follows from this proposition that 

.the perpendicular bisector of a chord of a circle must 
pass through the centre of the circle. 

(i) For the i " bisector is the locus of all points equi 1 
distant front the extremities of the chord. 

Now, by Definition, the centre of the circle is a point equi¬ 
distant from the extremities of the chord. 

Therefore the 1“ bisector must'go through the centre of 
the circle. 

(ii) Also, if XY is the diameter produced and A, B, two 
corresponding points, so that B is the image of A, XY being 



an axis of symmetry, then it follows that AM =MB, and 
angles AMX, BMX are right angles. 



CIRCLES 
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THEOREM 25. 

There is one circle and only one circle which passes 
through thjee given points not in the same straight line. 

Let A, B, C, be the three given points. 



Construction. Join AB, BC, and bisect them at right 
angles by the lines XO, YO respectively. 

Proof. AB is a chord of any 0 passing through A and B; 
.'. the centre of the 0 lies on XO. 

BC is a chord of any circle passing through B and C; 

.'. the centre of the 0 lies on YO. 

If 0 is the point of intersei lion of XO and YO, it.follows 
that OA=OB =OC, and that a circle with centre O will pass 
through A, B and C. 

Since XO, YO meet in only orifc point, there can be only 
one circle. 

Cor. Two circles cannot intersect in more than two points. 

Note that if A, B, C are in one straight line, then XO, YO are 
parallel and do not meet, so that the circle cannot be drawn. 



Also, if AC is joined, the circle circumscribes the A ABC, 
and since the perp. bisector of the chord AC must pass 
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through the centre of the circle, it follows that the three 
perp. bisectors of the sides of a'tridngle are concurrent, i.e. pass 
through the same point. 

Another 'proof will now be A 

given of this important fact. /K ' 

Let ABC be a triangle, OM and / V\ 

ON the perpendicular bisectors \ 

of two sides. L the middle point J '-J/oX 
of BC. Join LO. f 

We have to prove that LO is q L q 

the perpendicular bisector of BC. i-„, sc-,. 

[’roof. In the A’OMA, OMC, 

(t) MA MC, (Hypoth.) 

(it) OMA OMC, (rt. angles) 

(lii) OM is common ; 

.'. /'OMA rs /.OMC, (2 sides, inch ang.) 
and in particular, OA =OC. 

Similarly, /ONA . ONB, 

and OA ^OB, 

It follows that OB=--OC. 

In the AsOLB, OLC, 

(i) OB---OC, (just proved) 

(ii) BL = LC, (construct.) 

(iii) OL is common ; 

.'. ,/OLB- ;‘ OLC, (3 sides) 

A A 

and in particular OLB ^OLC, 
and since these are adjacent angles, 

OL is perp. to BC, 

i.e. the three perp. bisectors of the sides of the triangles are 
concurrent. 


N.B .—A circle, centre O and radius OA or OB or OC, 
passes through each angular point of the triangle. The 
circle is called the circumcircle and O is called the circum- 
centre. 
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THEOREM 26. 

Equal chords in a circle must be equidistant from the 
centre. 4 ^ conversely, chords which are equidistant from 
the centre must be equal. (See Kv 2S. 27.) 



Let AB, CD be two chords of a circle, centie S. 
Construction. Join SA, SC, and draw SM, SN toAB.CD. 

(i) Proof. Given AB - CD we have to prove SM - SN. 

M and N are the middle points of AB and CD ; 

AM JAB - 1CD CN. 

In the right-angled /."AMS, CNS, 

( 1 ) AS -CS, (i.idn of same circle) 
(ii) AM -CN ; (just proved) 

A AMS ’ ‘ ACN8, (hyp. and 1 side) 
and in particular, SM - SN. 

(ii) Conversely, 

Given SM - SN, we have to prove AB =CD. 

In the right-angled /.“AMS, CNS, 

,(i) AS -CS, (radii of same circle) 
(ii) SM =SN ; (Hypoth.) 

'.AMS /.CNS. 
and in particular, AM =CN, 

M, N are the middle points of AB, CD ; 

AB "2AM -2CN -CD. 
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EXERCISE 28. 

« 

1. Describe a circle with radius 5 cms. and passing through two 
points 6 cms. apart. Measure and calculate the distance of the 
chord from the centre of the circle. 

2. Draw a circle, radius 4’4 eras., and place in it'two chords 
each of length 5 cms. Measure and calculate the distance of each 
chord from the centre. 

3. Draw a circle, radius 3*8 cms, and through a point 2*2 cms. 
from the centre draw a chord having this point as its middle point. 
Measure and calculate the length of this chord. Can you draw a 
shorter chard through this point ? 

4. Draw a circle, radius 5 cms.; place in it 3 chords of lengths 
4, 5, 0 cms., and measure and calculate the distance of each chord 
from the centre. 

6. A stream 20 feet wide is 
to be spanned by a bridge 
with a circular arch, 7 feet high 
at the middle. Find, by con¬ 
struction, the radius of the arch 
and the angle it subtends at the 
centre of the circle. 

6. Draw a circle, radius 4 cms., and take a point 3 cms. from 
the centre. Draw two (hords through this point inclined at 36° 
to the diameter through the point. Measure the distances of the 
chords from the centre 

7. Draw two circles, radii 3-2 and 4-8 cms , having their centres 
5*6 cms. apart. Measure the two parts into which the line of centres 
divides the common chord (See Qn. 18.) 

8. Draw a triangle B -72°, *0=58°, c=4*2 cms., and describe a 
circle passing through A, B and having its centre on BC. Measure 
the radius. 

9. If the lengths of two parallel chords of a circle (on the same 
side of the centre!, are 6 and 8 cms., and their distance apart 2 eras., 
find the radius of the circle by construction. 


Fra. 318. 

10. Given two points A and B which are 6 cms. apart, draw a 
number of circles passing through A and B. What is the locus of 
their centres ? 








CIRCLES 


lftl 


11. If AB«4*2 cms., BC=3-4 cms., and ACX=42°, draw a circle to 
pafe through A and B and withits centre on CX. Measure its radius. 


ABC 



For what value of the angle ACX would it 
be impossible to find the centre ? 


x A 


I 


12. Draw a triangle with 
two' sides measuring 3-0 
and 4 inches and including 
an angle of 52°. 

Describe a circle about 
the triangle and measure 
its radius. 


13. Draw a triangle ABC 

in which + 

A8~6cms., BC~7cms , * 

and the angle A-54°. 

Construct the circurn- 
circle of the triangle, and 
measure its diameter. 

14. The sound of the 
discharge of an enemy- 
long range gun is heard 
simultaneously at three 

. listening stations A, B, C x » 
(Fig. 320). Prick the figure 
through on to your paper. 
Assuming that the sound 
travels with equal velocity 
in all directions, mark the 
location of the gun, and find 
its distance (in yards* to 
the nearest 100 yards) and 
bearing from the battery 
at P. (Army.) 


Scale:- 2 inches to 1 mi!» 


FiO. 320. 

c* 


15. If two parallel chords of a circle are 6-4 and 8-4 cms. long, 
and the radius of the circle is 5 cms., calculate the distance between 
the chords, if they are on 

♦ (i) the same side of the centre. 

(ii) opposite sides of the centre. 
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10t If two parallel chords on the same side of the centre are 2'4 cms. 
apart, and their lengths are 7*2 and # 9'6cms., calculate the radius 
of the circle. ‘ 

1,7. Prove that the locus of the middle points of a system of 
parallel chords' of a circle is a diameter. 

18. Prove that the common chord of two circles which intersect 
is bisected at right angles by the line joining the centres. 

(Join X, the middle j>t of AB toCaudD Also join CA, CB, DA, DB.) 



19. Two circles intersect and a line is drawn through cither point 
of intersection parallel to the line of tentres and terminated by the 
circumferences Prove that it is double the length of the line 
joining the centres. 

20. ABC is an equilateral titangle, and a uule with A as centre 
cuts BC at D and E • prove BD CE 

21. A diameter AB of a cm le bisects a chord CD , if BC is parallel 
to AD, prove that CD is also a diameter 

22. AB, AC are two equal chords of a circle, centre S ; SM, SN 
are perponduulars to the chords, piove that l AMS AANS. 

23. P is any give n point on a gixen circle whose centre isO- From 
P a fixed length PQ is drawn in a fixed direction Find the locus 
of Q 

24. A straight line c uts two concentric circles in A, B, C, D. Prove 
that AB CD (Fig. 322). 



25. AB is a diameter of a circle, centre S . AL. SM. BN are perpen¬ 
diculars to a chord CD which does not intersect AB ; prove M bisects 
LN, and CL=DN. 

26. AB, CD are equal chords of a circle ABCD ; P is a point in 
AB and Q a point in CD such that AP=CQ ; prove that P and Q 
are equidistant from the centre of the circle. 
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27. In any circle, prove that the longer of two chords must be 
nearer the centre than the shofter^and conversely, the chord which 



B 


Fig. 323. 

is nearer the centre must be longer than one more remote 
(Use Pythagoras' Theorem for the SAM, SCN 1 

An Arc of a circle is the portion of the circumference 
between any two points A, C. (Curved line ABC in Fig. 324.) 


B 



Fra. 324. 

A Segment of a circle is the area contained between a 
chord and the arc which it cuts off. (Area ABC.) 

A Sector of a circle is the area bounded by two radii and 
the part of the circumference which they intercept. (Area 
ODEF.) 
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ANGLES ANt> ARCS. 


THEOREM 27. 

The angle which an arc of a circle subtends at the centre 
is double of that which it subtends 
at any point on the remaining part of 
the circumference. 

Let ABC be any circle, centre S. 

A A 

We have to prove that ASB-2ACB. 

Construction. Join CS and produce to 
any point P. 

Proof. In AASC, AS =SC ; (radii of same circle) 

SAC - SCA ; (Isos. A) 

ext. ASP = SAC +SCA =2SCA. 



Similarly BSP =2SCB. 



Hence, Fig. 326, ASB = ASP + BSP 
= 2SCA+2SCB 
= 2 ACB ; 

and Fig. 320, ASB - BSP - ASP 
-2BCS-2ACS 
-2AC8. 
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THEOREM 28. 

Angles in the same segment of a circle are .equal to one 
another. , 

Let APB, AQB be two angles in (he same segment APQB 
oi a circle centre 0. 



IV; 327. 


Construction. Join 0 to A ami B. 

Proof. A0B-2APB, 

since the angle at the centre is double the angle at circum¬ 
ference ; 

similarly AOB-2AQB; 

APB-AQB. 


Four points which lie on the circumference of a circle are 
said to be concyclic. 
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THEOltEft 29. 

If the straight line joining two points subtends equal 
angles at two other points on the same side of it, the four 
points are concyclic. 

If the straight line AB subtends equal angles APB, AQB at 
P and Q, we have to prove that A, P, Q, B arc concyclic. 



Construction Draw the circle BAP; if it does not pass 
through Q it will meet Aft or AQ produced at some point K. 

Join KB. 

A A 

Proof. APB = AKB, (angles in same segment) 

but APB - AQB ; (hypoth.) 

AKB = AQB ; 

the exterior angle of a A equals the interior opposite 
angle, and this is impossible ; 
hence the circle through A, B, P must also pass through Q. 

Note. The locus of a point at which the straight line 
joining two given points subtends a constant angle is an 
arc of a circle passing through the two given points. 
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CONSTRUCTION 7. 

On a given straight line to describe a segment of a 
circle containing an angle equal to a given angle. 

(i) On A8 describe a segment of a 
circle containing an acute angle of 50'’. 

Construction. Draw two lines AO, 

BO, so that 

OAB -OBA !!0"-50 ' 40 ’. 

With centre 0 and radius OA con¬ 
struct a segment of a circle. 

If P is any point in the arc, ue 
have to prove that APB 50". 

Proof. AOB - ISO - (OAB I OBA) 

If- ISO 1 - SO" 100 , 

APB I AOB 50°. 


1 io :t:m 

(ii) On AB describe a segment of a aide containing an 
obtuse angle of 130°. 

Construction. Drltw two lines AO, BO, so that 
OAB =OBA = 130° - 90° _ 40°. 

Witli centre 0 and radius OA construct a segment of a 
circle. 

If P is any point on the arc, wc have to prove that 
APB *=130°. 
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Proof. A0B = 180 o -(04B+0BA) 

=180°-80° = 100°; 

APB = $ reflex AOB 
= $(360° -AOB) 

= $(360° -100°) 

= 130°. 

Note that in each case the angles OAB, OBA are made 
equal to the difference of the given angle and 90°. 


It should be noticed that this construction supplies the 



method, used practically, for finding an observer’s position 
(O) on a map, if three objects A, B, C, which are observed 
in the landscape, can be identified on the map. 

The observer can measure the angles AOB, BOC by means 
of a sextant, and then on the map construct segments of 
circles on AB, BC containing angles equal to the known angles 
AOB, BOC. 

The second point of intersection of these circles deter¬ 
mines the position of the observer O on the map. 
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EXERCISE 29. 

1. ASB is a diameter of a circle, centre S, radius 2*4 cms. AP 
and AQ are chords making PAS-70°, QAS=32°. Pleasure PAQ, 
PSQ and PQ. What is the relation between the two angles measured ? 

2. ASB is a diameter of a circle, centre S, radius 2-6. APi is a 
chord bisected at M, and making P,AB- 20°. N is the mid-point 
of AS. Measure NM,. AM a P 2 , AM,P S , AM 4 P 4 are similar chords, 
making P.AB^O 0 , P,AB (»0°, P^B-SO 0 . Measure NM,, NM,, NM 4 . 
Explain your results. 

* A 

3. ABC is a A inscribed in a orcle, centre 0, and 0AC~ 25°, 

A 

OBC = 30°. Find the magnitudes of the angles ACB, AOB (l'ig. 332). 

A 


Fig 332. Ho. 333. 

4. If AB and CD are two chords of a circle intersecting at 0, and 

A A 

ACD=100°, AOD-140 0 , what are the magnitudes of the angles CAO, 
OBD ? (Fig. 333). 

5. Slide a set square between two drawing pins 
A and B, and mark the positions of the angular 
point P for various different positions of the set 
square; and thus trace out the locus of P (i ig. 334). 

6. On a base 2*3 inches long, describe a segment 
of a circle containing an angle of 60°. Measure the 
radius of the circle in inches 

7. On a base of 0*7 cms , describe a segment of a 
circle containmg an aifglc of 75°. Measure the 
height 6f the segment. 

8. On a base of 7*8 cms., describe a segment of a circle containing 
an angle of 110°. Measure the radius of the circle. 

9. On a base of 3*2 inches, describe a segment of a circle con¬ 
taining an angle of 136°. Measure the radius of the circle. 

10. Construct a triangle on a base of 4 inches, altitude 2 inches, and 
vertical angle 70°. Measure the perimeter. 


P 



I io. 834. 
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11. OA, OB are two straight lines inclined at 40°, and X, Y are • 
points on OA, such that OX=$ crm., and OY=8cms. Find the 
points in OB at which XY subtends an angle 55°. Measure their 
distances from 0. 

12. Upon a base of 7 cms. construct a triangle with vertical 
angle 4(r, and area 17*5 square centimetres. Measure the two angles 
at the base. 

13. Construct on a base 3-7 inches long a triangle whose vertical 
angle is 112° and whose area is the greatest possible. Measure its 
sides 

14. A, B, C are three points such that AB is 5 miles, BC is 10 miles, 
and CA is 7 miles P is a point in the plane of ABC such that%PA 

A A 

is 30°, CPA is 30° and BPC is 60°. Find, by measurement, the 
distances of P from A, B, and C 

15. From two stations A, B, 350 yards apart, two trees C, D, on 
the same sale of AB, are observed. By measurement it is found that 
u BAD ~9f>°, _ BAC 44°, - ABD 27°. and _ ABC = 78°. Draw a 
plan of the relative positions of A, B, C and D, taking 1 inch to 
represent 100 yards , and from it estimate the distance between the 
trees 

Prove that a circle can be drawn to pass through A, B, C, D. 

16. A, B, C are three stations on shore, all of which can be seen 
from a boat P. AB 35 chains, BC -29*3 chains B is due east of A, 
and the bearing of BC is 37° east of south The boat is at anchor 
on the south side of AB. To locate the position of the boat, observa¬ 
tions of the angles APB and BPC are taken with a sextant, and these 
give APB 60°, and BPC 76°. 

Make a drawing to scale, and determine by geometrical con¬ 
struction the position of the boat From measurement of your 
figure give the distance BP. 

17. A ship is torpedoed and sunk while steaming near a straight 
coast line on which there are two lighthouses, A and B, 10 miles apart. 
There arc two survivors , the first states that the ship was between 
4 and 0 miles from the coast; the second, that the angle subtended 
at the ship by the line AB was between (50° and 90°. 

Draw a plan, on the scale 1 cm. to 2 miles, and shade the area within 
which the wreck must lie. (Army.) 

18. Draw any quadrilateral ABCD in a circle ; join AC and BD, 

A 

and prove that D-~ the sum of two of the angfes of the A ABC. Hence 
show that B, D are supplementary. 

19. AB and CD are parallel chords of a circle with centre 0. If 
AD and BC intersect at X, prove that A, C, O, X are concyclic. 

20 . 0 is the point of intersection of the perpendiculars from the 
angular points of a triangle to the opposite sides, and the altitude 
AOD produced meets the circumcircle in P. Prove that both the 
angles OBC and PBC are complements of C. Hence prove that OP 
is bisected at D. 
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21. ABC is an acute-angled triangle, and 0 is the centre of the 
circle which passes through A, B, C.« Show that the angles OBC and 
BAC are complementary. 

22. ABCD is a cyclic quadrilateral and AD>CD;'BE is drawn 

A A, 

meeting AC .ft E and making ABE DBC. Prove that ABE and BCD, 
ABD and BEC are pairs of equiangular triangles (Pig. 33a). 



23. ABC is an eqmlatei.il triangle him ribed m a < m lr, and M is 
any point on the smaller are BC 1 In lines AM. BM. CM are drawn, 
and AP is taken along AM and equal t«»BM Pi*>\e that the triangles 
APC, BMC are congruent 

24. Two circles, whose (entree are A and B. mt« rse< t in C , AC 
produced cuts the cinle whose centie is B in H. ami BC produced 
cuts the circle whose centre is A in K Prove that A, B, H, K are 
concychc. 

25. From a point 0, external to a (ir»lr, two straight lines, OAB, 
OCD are drawn, cutting the uri le at A, B and at C, D. Prove that 
the angle OAD is equal to the angle OCB. 

26. Two circles PAB, QAB, whose centres ate H and K, intersect 
in A and B ; and any line PAQ through A < uts the < ir< les in P and Q. 
Prove that the triangles BPQ, AHK arc equiangular 

27. Perpendiculars from A and B on the opposite sides of the acute- 
angled triangle ABC cut in H Show that the angle AHB is the 
supplement of the angle C. 

Deduce that if AH cuts the circle circumscribing ABC again in d, 
then the triangle BHJ is isosceles. 

28. AB, CD are tw'o parallel chords of a circle. Prove that, if 
AD, BC meet at T, and AC, BD meet at S, TS passes through the 
centre of the circle. 

29. Given the base and vertical angle of a triangle, find the locus 
of its centroid 

[If BC is the given base, A the vertex and G the centroid, draw 
GM, GN parallel to AB, AC respectively, and show that M and N are 
fixed points.) 


B.S.G. 


L 
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THECfREM 30. 

'The angle in a semicircle is a right angle. 

If AOB is the diameter of a circle 
with centre 0, and APB an angle in 
the semicircle, we have to prove 

that APB is a right angle. 

Proof! Since the angle at the 
centre is twice the angle at the cir- 

AOB - LlAPB. 

AOB - 2 right angles ; 
APB -1 right angle. 


cumference, 
But 



THEOREM 31. 


The circle described on the hypotenuse of a right-angled 
triangle as diameter passes through the opposite vertex. 

Let ABC he a triangle right-angled 
at C ;J. it is required to prove that a 
circle on A8 as diameter passes 
through C. 

Construction. Describe a circle on 
AB as diameter, and in the semi¬ 
circle above AB take any point P. 

Join PA, PB. 



Proof. Since the angle APB is in a semicircle ; 

A 

APB = 1 right angle ; 

A 

but ACB = 1 right angte ; 

/. APB = ACB. 

Thus, since AB subtends equal angles at P and C, it follows 
that a circle passes through A, P, C, B. 

i.e. C is on the circle with AB for diameter. 


A cyclic quadrilateral is a quadrilateral through the four 
angular points of which it is possible to draw a circle. 
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CYCLIC QUADRILATERAL. 

THEOREM 32. 

The opposite angles of a cyclic quadrilateral must be 
supplementary. 



Fic. 3:18. 


■ Let ABCD be a cyclic quadrilateral. 

A A A A 

We have to prove A+C=B + D = 180". 

Construction. Join A and C to S, the centre of the circle. 

Proof. Since the angle at the centre is double the angle 
at the circumference, 

.-. ASC =20, 

A 

the reflex angle ASC =*2B ; 

.'. the total angle at S =2B +2D ; 
but the total angle at S = 4 right angles ; 

/. 2B +20=360°; 


. /. B+0 = 180°; 

A A A A 

and since A +B +C +0 =360°, 
A +C = 180°. 

Cor. An exterior angle of a cyclic 
quadrilateral is equal to th) interior 
opposite angle. 



Flo. 330. 
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THEOREM'33. 

If a pair of opposite angles of a quadrilateral are supple¬ 
mentary, its vertices are concyclic. * 



Let ABCD be a quadrilateral having B f D = 180°. 

We have to prove that ABCD is cyclic. 

Construction. Draw the circle ABC and if it does not pass 
through D, let it meet AD or AD produced at K. 

Proof., B + K —180°, (ABCK cyclic quad.) 

but B + D ■= 180° ; (Hypoth.) 

A A 

0=AKC, 

which is impossible ; (Th. 5) 

the circle ABC must pass through D. 

Cor. If an exterior angle of a quadrilateral is equal to 
the interior and opposite angle, the quadrilateral must be 
cyclic. 
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CONSTRUCTION 8. 


To cut off from a given circle a segment containing an 
angle eqttal to a given angle. 


Let A be the given angle. 

Draw PQ an}- chord of the circle. 

Make QPR = A. 

(i) Join QR. Then RQ cuts off the segment RPQ which 
contains the required angle. 




Join SQ and take any point X in the minor arc SQ. 

SXQ180' -SPQ (SPQX cyclic quad.) 


- RPQ 


= A. 

SQ cuts off the required segment. 

(iii) If the line PR happened to^>e a tangent at P, then by 
Theorem 39, PQ cuts off the required segment. 
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The perpendiculars from lit: angular points of a triangle 
to ttys opposite sides are concurrent. 

( 

Let ABC be a triangle and BE, CF perp. to AC, AB respec¬ 
tively. 

Join AO and produce to D. 

We have to prove that AOD is perp. to BC. 

Join FE: 


A 



7 the angles AEO and AFO are right angles; 

.'. AEOF is a cyclic quadrilateral. 

Also, since BFC and BEO are right angles, 

BFEC is a cyclic quadrilateral. 

.-. AEF ■= AOF (AEOF cyclic) 

—COD; (vertically opposite) 
but OCD (i.e. FCBJ-FEB (BFEC cyclic) 

= 90° -AEF 
-90° -COD,; 

OCD + COO-90°, 

,\ ODC —90°, 
i.e. AOD is perp. to BC. 

The point 0, where thy perps. meet, is called the oxtho- 
centre of the triangle. 
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> EXERCISE 30. 

A 1. Draw a triangle ABC, a=2‘(f, b= 4*2, c- 3. Make BCD=»62°, 
BAD = 118°. Bisect AB and BC perpendicularly by lines meeting 
atO. Measure OB and OD. Explain your results A * A 
A 2, Drawer quadrilateral ABCD ; AB~4, BC 5, B -120°, A=130', 
C=50°. Draw the ctrcumcirclc of ABC. and explain why it passes 
through D. Measure the radius. 

3. Draw a quadrilateral ABCD with AB -0*2, BC“6*4, CA=6'7, 
AD = 5'5, DC=5’2 ems 

Measure the angles ABC, ADC and thus determine whether ABCD 
is cyclic. 

4. In a cyclic quadrilateral ABCD, if 0 is 
the centre of the circle and angles AOB, BOC, 

COD are equal to 115°, 82°, 50° respective!), 
determine the magnitudes of the angles of 
the quadrilateral. 

5. ABCD is a cyclic quadrilateral with 

AB=AD. If BCD 114°. find the magnitude 
of the angle ADO, if 0 is the centre of the 
circle (Fig. 344) 

6. A is a fixed point on the circumference 
of a circle, AP any chord, M the mid-point of 
AP. Prove that the locus of M is a circle (Take S the centre of 
the O, join SA and SM, prove that SMA is a right angle ) 

7. Two circles cut at A, B, and diameters AX, AY are drawn. 
Prove that X, B, Y are colhnear 

8. A ladder AB rests on the floor OX at B, and against the wall 
OY at A. If it slips, what is the locus of the t cutre P ? 

A 


0 B X 

I K# 345 




9. If the two sides AB, DC of a cyclic quadrilateral ABCD, when 
produced, meet at P, and if PA PD, prove 
that BC is parallel to AD- 

10. If a regular hexagon is inscribed m a 
circle, what is the magnitude of one of the 
angles (such as ABC) in a segment external 
to the hexagon (Fig. 34fl). 

11. ABCD is a cyclic quadrilateral, and 

AC, BD meet in O, prove that the triam'lcs 
ABO, DOC are equiangular and aisolthe 
triangles AOD, BOC. 1 
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12. AOB is a diameter of a circle, centre 0. and another circle , 
is described on AO as diameter. AXY is a straight line meeting the 
circles in X and Y. Prove that AX-aY. 

13. Two circles intersect in P and Q, and through P and Q are drawn 
lirfcs APB, CQD, meeting the circles in A, B and C, D. Prove that 



14. Prove that if a parallelogiam can lie inscribed in a circle, 
then it must be a re< tangle. 

15. If a trapenum < an be inscribed in a circle, 
then the two non parallel sides must be equal 

16. Prove that the sum of the angles in the 
three segments of a dide external to an in 
scribed triangle is t right angles (Fig 34H) 

17. ABCD is a cyclic quadnlateral , AB and 
DC when produced meet at H, BC and AD at K 
The circles round HBC and KCD meet again at 
P ; prove that H, P, K are colhnear 



18. ABC is a triangle in a circle and AD is perp. to BC. If AX is 
a diameter, prove that BAX CAD 

19. Prove that the angle in a t segment of a circle is greater than or 
less than a right angle, according as the segment is less than or greater 
than a semicircle (Fig. 349). 



20. P is a fixed point within a circle whose centre is A. Prove 
that the middle points of all chords drawn through P lie on the 
circle whose diameter is AP (Fig. 350). 

21. ABC is a triangle, D, E, F the feet of the altitudes. Prove that 

/V A 

B, F, E. C he on a semi circle, that ADE-- ACF-90 0 - A ; and dealing 

A AAA 

with ADF in a similar way. d w ove that AD bisects FDE, that AEF=B 
and the A'AEF, BFD and CuE are equiangular to each other. 
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22. If XOY is a quadrant of a circle, and semicircles described on 
OX, OY as diameters, meet ii\ A, prove that X, A, Y ate collinear. 



Iir. fit. 

23. ABCD is any quadrilateral inscribed m a < ir< le , the chord 
DE bisects the angle ADC, prove that the line BE Inserts the angle 
between CB produced and BA 

24. AB is a diameter and CD a ihoid of a un le AX and BY are 
drawn perp to CD produced. XA and BY (produced if necessary), 
cut the circle m E and F Prove that EX BY, AX FY. 

(Prove that BX and FX are rectangles ) 

25. The bisectors of the exterior angles at Q and R of the triangle 
PQ,R meet at S Show that the centre of the cm le through Q, R, S 
lies on the tircumeirdc of the triangle PQR 

26. P is a point on the diagonal AC "f a parallelogram ABCD. 
Circles arc described about DPA and BPC Show that the other 
point of intersection of the circles lies on BD 

27. Describe a /j, ABC with u a, b c 4-2 Find.the ortho¬ 
centre 0- If the feet of the perps are D.E.F. measure FDE and 
verify that the angles FDO, EDO arc equal 

28. In the last question prove that the angles FDO and EDO are 
equal. 

29. If O is the orthocentre of a triangle LMN, show that N is the 
orthocentre of OLM. 

30. Construct a triangle ABC, given the altitude through A, the 
orthocentre, and the magnitude of angle B. 

31. Given the base and vertical angle of a triangle, find the locus 
of its orthocentre 

(If 0 is the orthocentre and BC the base, find the magnitude of the 
angle BOC ) 

32. If from any point P on the circutm ircle of a triangle ABC 
perpendiculars PH, PK, PL are drawn to tin* sides BC, CA, AB respec¬ 
tively, prove that H, K, L are collinear. (H KLisc ailed Simson's Ltne.) 

(PKAL and PKHC are cyclic. Prove that PKH is the supplement 
of PKL.) 
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ANGLES, ARCS,AND CHORDS. 

THEOREM 34. 

In equal circles (or in the same circle), equal angles at 
the centre stand on equal arcs, and conversely equal arcs 
subtend equal angles at the centre. 

If the two circles ASB and CRD are equal in all respects 
and also the angles AXB, CYD, it follows that the one figure 
is a repetition of the other, and consequently 


arc AB = arc CD. 

S R 



Fig li,Vi 


Similarly, if the ares are equal it follows that the angles 
at the centre will be equal. 

Cor. In equal circles (or in the same circle) equal angles 
at the circumference stand on equal arcs, and conversely, equal 
arcs subtend equal angles at the circumference. 



Fig. 353. 


Since the angles at X and Y are each double of the angles 
at S and R, it follows that the Theorem is true for any angles, 
such as S and R, at the circumferences. 
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THE&KBH 35. 

In equal circles (or in the same circle), equal chords out 
off equal arcs, and conversely the chords of equal arcs are 
equal. 



Let APB and CQD be two equal circles, S and S' their 
centres. 

(i) Given chord AB - chord CD, we have to prove 
arc APB «arc CQO. 

Construction. Join SA, SB, S'C, S'D. 


Proof. In the A*ASB, CS'D, 


(i) AS-C&, (radii of equal 0") 

(li) SB =S'D, 

(iii) AB=CD , 

(hypoth.) 

AASBsACS'D, 

(3 sides) 

and in particular, ASB -CS’D ; 


arc APB = arc CftD. 

(Th, 34) 

(ii) Similarly, if the arcs are equal, it follows that the 
angles AS8, CS'D will be equal, and consequently the triangles 
ASB, CS'D will again be congruent, 

and chord AB — chord CD. 
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EXERCISE 31. 

I 

1. Prove that equal chords of a circle subtend equal angles at 
the centre. t 

2. AB and CD are two equal arcs of a circle, the sense of des¬ 
cribing the circle from A to B being the same as that from C to D. 
Show that the chords BC and AD are parallel. 

3. If two chords AB, CD of a (irile are 
parallel, prove that the arcs AC, BD are equal 
(Join BC, l'ig. :ir>r>.) 

4. ABC is a triangle inscribed m a circle 
and the bisector of the angle A meets the cir- 
cumcirde in X. Prove that arc BX an XC 

Hence show that if any number of angles 
be drawn in the same segment of a circle, tilt* 
bisectors of these angles all pass through the 
same point. 

5. If ABC is an arc of a circle and AC its chord, prove that it 
may be bisected bv dividing AC equal!) at D, and erecting a per¬ 
pendicular to AC at D. 

6. If a triangle ABC is inscribed in a circle and a point X 
be taken on the arc BC remote from A, then 

if BXA CXA, prove that AB AC. 

7. Two circles intersect at A and B and a 
chord XAY, variable m direction, passes 

through A. Piove that XBY is constant in 
magnitude. (Join AB and note that it is 
constant in length. Pig. 3ati) 

8. AKB and CKD are two perpendicular chords of a circle Q is 
a point on the arc AD such tlmt arc DQ arc AC Prove that BQ 
is a diameter. (Join AQ ) 

9. AB, AC aic equal chords of a circle Parallel straight lines 
AP, BQ arc drawn cutting the circle again at P and Q. Prove that 
AQ is parallel to CP. 

10. Three points A, B, C arc taken on a circle : M, N are the mid¬ 
points of the arcs AB, AC respectively , show that the straight line 
MN forms an isosceles triangle with the chords AB, AC. (Join AM, AN.) 

11. AB, AC are equal chords of a circle. P, Q are any two points 
in BC, and AP, AQ meet the circle again at R and S. Prove that a 
circle can be described about PQSR (Join SC.) 

12. From a point A. on the circumference of a circle whose centre 
is 0, two equal chords AB and AC are drawn CO and BO are joined, 
meeting the circumference in P and Q respectively. Prove that the 
chord AP is equal to the chord AQ. 

13. Draw a triangle ABC in which AB=5*4cms, BC = 8-7 cms., 
CA--8-1 cms. Construct the circle that circumscribes the triangle. 

From the mid-pomt of th" arc BC draw the three perpendiculars 
to the sides of the triangle. J 

Prove that the feet of these perpendiculars lie on a straight line. 



I'H., 
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• The Circumference of a Circle. 


By using coins of various sizes it may easily bo shown 
.... , , circumference . 

that the value of , is constant, and that wtthin 

diameter 

the limits of experimental error 


circumference , 

-, — 1 •»* 141• — «>* 

diameter 


(approx.). 


This value is called 7r, so that 

circum. of <'■) = tx diameter 

27rr, wliere r is the radius of ©. 

Since equal arcs subtend equal angles at the centre of a 
circle, it follows tli.it if two aits AB, CD be taken on a circle, 
centre 0, 

arc AB AOB 



D 

Ho. S57 


A 

arc AB AOB 

total circumference 300°' 


and in particular, 
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The Area of a Circle. 


Draw a circle of radius r and cut it up into sixteen equal 
sectors, and arrange so that the sectors are alternately up 
and dowp, as shown in Fig. 358. 



Ho. 358. 


Area of © =area of figure A. 

Now A is approx, a parallelogram, and will be more nearly 
so, the greater the number.of sectors taken ; 

area of A = ab x ac, where ac is perp. to ab. 

Also, the series of arcs contained in ab makes up half the 
circum. of the © ; 

ab = irr ; 

thus area of 0 =aix ac^irrx r 
■»Trr*. 
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EXERCISE 32. 

I 

(Assume ir=3f.) 

1. Find the circumferences of circles with radii 7/3*5 and 4*7'cms. 
respectively. (Give the answers to the nearest mm.) 

2. Find the areas of circles with radii 7 ft., 8*5 metres (correct to 
the nearest sq. dm.), 9*1 ems respectively. 

3. Find approximately the radii of circles, the circumferences 
of which are : (l) 250 ems , (n) 200 nuhcs , (m) 5*2 yards. 

4. Find approximately the radii of circles, the areas of which 
are: (l) 100 sq. yds ; (u) 58*56 sq metres, (m) 48 sq. Inches. 

5. If the 28 inch wheels of a bicycle make 2500 revolutions each, 
how far does the machine travel ? Answer to the nearest yard. * 

6. An arc of a circle of radius 5 inches subtends an angle of 50* 
at the centre. What is the length of the arc - 1 

7. In sailing along a meridian from latitude 20° N to latitude 
27° S., through what distance does a ship travel, if the radius of the 
earth is 3900 miles ? 

8. A sector of a circle of radius 5 inches contains an angle of 
(i) 46°, (li) 65° ; in each case what is its area ? 

9. A circular pond of water has a diameter of 170 feet. What 
is the area (in sq. ft.) of a path, 4 feet broad, which surrounds it ? 

10. What is the area of a circular ring whoso inner and outer 
radii are 6 and 8-5 feet respectively > (Answer to the nearest 
sq. ft.) 

H. A rectangle, 15 ems long ;yu! S nils broad, is inscribed in 
a circle ; calculate the area of the circle, and them e deduce the sum 
of the areas of the four segments external to the rectangle. 

12. What is the area of a square nw rilied in a circle of diameter 
6 inches ? 

13. The area of a circle of diameter d being taken to be 0-78M', 
find, correct to the nearest sq. yd , the area of the largest square 
which could be cut out of a circular field 10 acres in area. 

14. The area of a circle of diameter d liemg taken to be 0-78M*, 
find, correct to the nearest foot, the diameter of a circular plot, the 
area of which is 346/sq. yds. 

15. The diameter of a circular brass disc, cut out of a sheet 5 mms. 
thick, is known to lie between 3-48 and 3-62 ems If its volume la 
calculated on the assumption that the diameter is 3-5 ems., what ia 
the greatest possible error in the result ? 

16. A semicircle of paper, two inches m diameter, is bent into 

the shape of a right circular cone by 1 lunging the two bounding radii 
together. Show that the diameter If the base of the cone is one 
inch. I 
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17. Find, as a decimal of a square foot, the area of the shaded 
quadrant ABD, and also the area of the unshaded part K, which 
together make up the square ABCQ, whose side AB is 1 ft. 

2ft. 


2ft. 


1'iG. M». 

The second Fig. represents a window, each side of which is 2 ft., 
the shaded parts representing coloured glass, and the unshaded parts 
clear glass. 

Find, by calculation, the area of the coloured glass and also the 
area of the t kar glass 

If the amount of light passing through the coloured glass is half 
that passing through an equal area of clear glass, what fraction of the 
light that would pass through the window if it were all of clear glass 
is intercepted by using the coloured glass ,is there shown ? Give 
your answer as a deiimal fraction (Army ) 

TANGENCY. 

Two simple curves usually* intersect in two points, as in 
Fig. HIM). It is noticeable that the points of intersection 
P,Q are not always the same distance apart; 
it is possible to draw the curves so that P, Q 
are indefinitely close to each other. When 
this is the case (Fig. 361), the curves are 
said to touch, and either curve is said to 
be a tangent curve to the other; the point 
P or Q is said to be the point of contact. . 

The word Tangent generally implies that 
one of the curves is a straight line, and we 
use the word as an abbreviation ol tangent 
line. 

Since a str. line can alwaysjbe drawn 
through P, Q, it follows that two curves 
which touch have a commoa tangent at the point of contact. 
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The case which now concerns us is that of a line touching 
a circle, i.e. a line which* meets the circle, but on being 
produced does not cut it. 



lie. Ml. Ik. 102. 


If the points P, Q approach one another so that they 
eventually coincide at 0, then XOY (lug .'iti'J), the limiting 
position of PQ, is the tangent to the curie at 0. 

Def. A tangent to a curie is a -a!sight line which cuts 
the circle at two points indefinitely close together , or in other 
words, the tangent meets the elide at one point, culled the 
point of contact, and when produced either way does not cut it. 

A secant is a straight line which cuts a aide ; e.g, the 
line PQ in Fig. .'hid. 

Instead of the points P and Q appi inching one-another, 
we may consider one of the points P to he fixed and imagine 
the line PQ to rotate round thisjiomt, while the other point 
Q approaches it and finally coincides with it , then PX, the 
limiting position of PQ, is tin- tangent at P 



l-Ki .163. 


Def. The length of a tangent from a point outside a 
circle is the distance between that point and the point of 
contact of the tangent with the citcle. 


B.S.G. 



178 


SHORTER GEOMETRY 


THEOREM 1 36 

The straight line drawn perpendicular to a radius of a 
circle at its extremity is a tangent to the circle. . 

Let 0 be the centre of the circle, OA a radius, and XAY a 
line perp. to OA. We have to prove that XAY is a tangent. 



Construction. Take any point B on XY and join OB. 

A 

Proof. In the AOAB, since OAB = rt. angle, and the sum 
of the three angles of a triangle is 2 rt. angles, 

A 

OBA<rt. angle; 

A A 

OAB>OBA ; 

OB>OA 

> radius of the circle ; 
the point B is outside the circle. 

Similarly, any other point on XY, (except A), is outside the 
circle, 

i.e. the line XY meets the circle at only one point, A, 

i.e. XY is a tangent. 

Cor. At every point on a circle, one and only one 
tangent to the circle can be drawn. 

(For only one perp. can be drawn to OA through the 
point A.) 

Note.— The perp. to a tangent at its point of contact must 
pass through the centre of the circle. For, if not, there. 
could be drawn at the pfcint of contact a line perpendicular 
to the radius, and thjs would have to be a second tangent. 
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THEOBEMJ37. 

From an external point two tangents can be drawn to a 
circle, ant they must be equal in lengtb. 



Let T be any point outside a circle, centre S. 

We have to prove that two tangents can be drawn fromT, , 
and that they must be equal. 

Construction. Describe a circle on ST as diameter, 
cutting the original circle at P, P'. 

Join TP, TP', SP, SP'. 

Proof. SPT, SP'T are angles in a semi-0 ; 

SPT =‘J0°=--SP'T ; 

thus the radii SP, SP' are J_" r to PT, P'T ; 

PT and P'T are tangents. 

Again, in the right-angled A’SPT, SP'T, 

(i) SP-SP', (radii of same 0) 

(ii) hypot. ST is common ; 

• .'. ASPTs A SP'T, 

and in particular TP-TP'. 
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CONSTRUCTlbN 9. 

To draw a circle touching the sides of a triangle, i.e. 
to draw the inscribed circle of a triangle. c 

A 



I-t't ABC bo the triangle. 

Bisect the angles B and C by lines mooting at I, and draw 
ID, IE, IF to the sides. 

In the right-angled A* IDB, IFB. 

ibd-ibf, (Constr.) 

hypot. IB is common ; 

AIDB- AIFB, (2 angles, 1 side) 
and in particular, to = IF. 

Similarly, MDC.: AIEC, 

and ID - IE ; 

.'. ID = IF = IE. 

Also the angles at D, F, E are rt. angles, the circle, 
centre I and radius ID will touch the sides at D, F, E. 

Cor. Join I A, then in the right-angled A* IAF, IAE, 

IF = IE, 

hypot. IA is common; 

.'. AlAFsAIAE; 

.'. IAF =» IAF, 

i.e.' the three bisectors of the angles of a triangle are con¬ 
current. 

The circle is called the Inscribed Circle of the triangle, 
or sometimes the In-circli. 

I is the centre of thefinscribed circle, and is called the 
in-centre. f 
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The Escribed Circle of a triangle is one which touches 
one of the sides of the triangle and the other two sides 
produced. 


CONSTRUCTION 10. 


To draw the escribed circle of a triangle. 


Let ABC be a triangle with the two 
sides AB, AC produced. 

Bisect the external angles at B and 
C by Bl„ Cl,. 

Draw l,F, l,D, l,E perp. to AB 
produced, BC, and AC produced, 
respectively. 

As in the last construction, it can 
be proved that 

I, F - l,D ■ l,E, 



and the angles at F, D, E are light , m . 

angles. 

a circle can be drawn with I, for centre to touch BC, 
and AB, AC produced, at D, F, E. 



He.. 3tis. 

Cor. 2. If I,, t,, l 3 are the three e-centres, then the sides 
of the Al,ljl, pass through A, B, tj. 
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, constrttoti6n 11. 

To draw a triangle equiangular with a given triangle and 
with its sides touching a given circle. ' 



Let ABC be the given triangle. 

Draw SP any radius of the given circle. 

A A 

Make PSa = the supplement of B, 

A A 

PSR = the supplement of C. 

Draw tangents at P, a, R, meeting at A', B', C'. 

V P = 90° and a =90°, SPB'a is cyclic; 

A A 

PSa = the supplement of B'; 

A * A 

but PSa = the supplement of B ; 

A A 

B' =* B. 

A A 

Similarly C' =»C, 

A A 

and A' = A. 
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EXJ3BCISE 33. 

1. Draw two tangents to a circle, radius 2-4*cms„ from a point 
distant 4 cms. from the centre, and measure their lengths. -. 

2, DrawABCMO* ; in BA take S, S' such that BS^SS'-2-8 cms. 
With centres S, S' draw circles touching BC , measure the distance 
between the points of contact. 

3. Draw a circle, radius 2*11 cms , draw AT a tangent at A and AB 

A 

a chord such that TAB -40°, draw BC a diameter; measure BA 

A 

and ACB. 

4. If AB, AC are two tangent's to a cm It* from an external point A, 

A 

and BAC-80 0 , what is the angle between the two radii OB, OC ? 
If the angle between the radii is 71’\ wh.it is the angle between the 
tangents ? 

5. Draw a circle haung a radius of 3<» tins Prom a point P, 
distant tf cms. from the tent re draw a line tout lung the circle at L. 
Calculate the length of PL. 

6. Calculate the length of the chord joining the points of contact 
of the tangents drawn to a circle of radius 4 « ms from a point distant 
7 cms. from its centre 

7. A quadrilateral PQRS (big 370) tom lies a , centre 0, at A. 
B, C, D. If AOB^fhJ 3 , BOC--84 0 . COD - 110°, calculate the angles 



S 

I ig 37‘> 


8. Two concentric circles arc drawn whose radii are respectively 
4*8 cms. and 6 cms. A straight line H K touches the inner circle at 
H and cuts the outer «ne at K. Calculate the length of HK. 

9. Draw an isosceles triangle whose base, BC, is 3 inches, and 
vertical angle A is 36°. Construct a circle to pass through A and 
touch BC at C. Let the circle cut AB at P. Measure AP. 

(If 0 is the centre, 0A-0C and OCB-90°.} 

10. Draw two perpendicular lines flB, BC. Make AB^ 1J inches, 
BC=2} inches. Construct a circle to pass through C and to touch 
AB at A. Measure the radius of this krcle. 
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11. Draw AOB=50° and construct a circle of radius 2*8 cms. to 
touch OA, OB at X and Y. Measure OX. 

« A 

(The centre musfrbe on the bisector of AOB and 2*8 cms. from OX.) 

l£. Draw a triangle ABC so that a (1*7 cms, 6=7*6 cms., c=5*8 
cms. Construct a circle to touch AB, AC, and having it* centre on 
BC. Measure the radius. 

13. P is a point (>•"> cms from a line XY Draw a circle of radius 
4 cms to pass through P and touch XY. Jf the circle touches XY 
at A, measure PA 

14. Two lines AX, AY, meet at an angle of 40° ; along AX two 
points B ahd C are taken so that AB !*."> ms , and AC=2*7 ms. 
Construct a i m le that shall pass through B and C. and have its centre 
1 inch from AY. How many such i ir< ies are there ? Measure their 
radii. 

16. Constrm t a triangle ABC sui h that BC = 3*5 cms , CA=7*6 cms,, 
and AB 8*6 cms , construct the escribed circle of the triangle 
opposite the angle A. and measure its tadius. 

16. A thin hollow cone, of height 4 uwhes, stands on a circular 
base, of radius 3 nu lies \ spherical ball, of the largest size possible, 
is placed within the cone Draw a section of the cone and the ball 
by a plane through the axis of the tone, and measure the radius of 
the ball. 

17. Two circles of ia<lii 4-4 cms and 3*2 cms , touch a straight 
line (on the same side of it) at X and Y If XY -5*7 uns , calculate 
the distance between the centres of the cm Ies 

18. If AB and AC are the two tangents to a circle from an external 
point A, and 0 the centre, prn\e that 

(l) ABC ACB , 

* (u) OA bisects BC at right angles. 

19. At the points P, Q, R, S of a circle, tangents are drawn forming 
a quadrilateral ABCD. Prove that AB i CD-BC + AD (Fig 371). 



Fig. 371. 


20. Show how to draw a tangent to a given circle, parallel to a 
given straight line. 
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Ex. 33] 

21. A series of tangents are drawn to a circle, and points arc taken 
along the tangents at a givei\ distance from the points of contact; 
prove that these points lie on a circle. 

22. Show how to draw two circles touching throe straight lines, 
two of whu:h are parallel. 

23. If two circles are concentric, prove that the length of the 
tangent (PA) drawn from an> point on the outei urtlo to the inner 
circle is constant m length (Fig. ,'17‘J) 



1 I<| 17J 


24. If any two < iriles < ut at A and B, pro\ethat the angle be¬ 
tween the two tangents at A equals the angle In‘tween the two radii 
through A. 

25. AP and BQ are two tiud paralh 1 tangents t<> the Cirile ARB , 
a third tangent PRQ, at any point R. < uts them in P and Q , prove 
that PQ subtends a right angle at the centre of the < mlc 

26. PA is a tangent to a circle ami PBC a stiant If 0 is the 
centre of the circle and OD is drawn perp to BC, prove that 

ADP AOP 

27. Any two circles, centres $, S', are drawn on the same side of 
a straight line, touching it at A, B ; SS' prodm < d meets AB produced 

at T, and STP is made equal to STA ; pro\e that TP will touch 
both the circles 

28. Parallel chords AC, BD are drawn through two fixed points 
A, B on a fixed circle Prove that CD always tom lies a fixed con¬ 
centric circle. 

29. If two circles cut orthogonally (so that the tangents at a point 
of intersection are at right angles), prove that the sum of the squares 
of the radu is equal to the square on the distant e between the centres. 
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INSCRIBED AND .CIRCUMSCRIBED 
REGULAR POLYGONS. 

To inscribe a regular polygon in a circle. 

If the figure has « sides the angle subtended at the centre 

by any side will be ^ . 

Draw a.sct of radii containing this angle between every 
adjacent pair, then the chords joining the extremities will 
give the required figure. Explain why the figure is both 
equilateral and equiangular. 

. An Equilateral Triangle should be inscribed by drawing 
three radii at angles of 120’, etc. 

A Square is inscribed by drawing two diameters at right 
angles. 

A Hexagon is obtained by drawing three diameters at 
angles of (10°. 


Flo. 373 

In this case, since each of the ,\* is equilateral, the figure 
can be obtained by marking off 
six chords equal to the radius of 
the circle. 

An Octagon (Fig. 374) is described 
by drawing four diameters at angles 
of 45°. 

To circumscribe a regular polygon 
about a circle. 

Proceed as above find draw 
tangents at the extremiftes of the radii. 
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Explain why the figure so obtained is both equilateral 
and equiangular. * 


To find the area of a circle. 

Let AB, BC,... be the sides ot a regular polygon circum¬ 
scribed about a circle, 0 the centre of the a, and OX, OV.... 
the radii to the pts. of contact of the sides. • 

Area of polygon =OAB f OBC t ... 

= *ab.ox + 'bc.oy+ ... 

= r ,(AB + BC + ...) 


- jXperim. of polygon. 



Fig. .175. 


Now suppose the number of sides of the ]>olygon increases 
indefinitely, then the perimeter of the polygon differs from 
the circumference ot the circle by a quantity which is in¬ 
definitely small, and in the limit, the perimeter of the 
polygon equals the circum. of the circle ; 

area of circle - ' x 2irr 

-J. 
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EXERCISE 34. 

1. Inscribe an equilateral triangle in a circle of J inch radius, and 
measure its sides. 

2. Inscribe an equilateral triangle in a (ircle of 3 ftns. radius, 
and measure its sides 

3. (. m miiscribe a i ir< leof radius - 2*.u ms with a square. Measure 
its diagonals 

4. Inscribe a icgul.tr hexagon ABCDEF in a circle of radius 

< ms. Measure AC and find the area of the hexagon. 

5. t u< must ribe a t ircle of radius 1*2 italics with a regular 
hexagon, and measure the sides 

6. ( lreuuist nhe at m leof radius 1*4 inches with a regular octagon, 
ami measure the diagonals 

7. Inst ribe a regular o< tagmi in a t ircle of a*2 t ins diameter, and 
measure the sides Also imd the area of the ot tagon 

8. Inst ribe I equal t irt Its in a square of side a i ms . anti in each 
tase measme AB. the distant r between two untres (Hgs 37#, 377). 


8B8B 

m 

mm 


■ 


mmmm 



I Si 

B 

Ml 

I M 

i 





9. Inscribe 3 equal circles in an equilateral triangle of side 6 cms., 
and in each case measure AB(Fig& 378, 379). 
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10. Inscribe 6 equal circles in a regular hexagon of side 2-8 ins., 
and.in each case measure AB (Figs. 880, 881). 




11. Draw 8 equal somicirdex in an equilateral . . of side a indies. 
Measure the distance between two tentr< s AB (I ig. 882) 



12. Draw 4 equal semtt ircles in a square of sul» 2 a ins. Measure 
AB, the distance between two centres (Wg. 8H8) 




13. Draw 3 equal semicircles in a circle of radius 3*5 cms., and 
measure AB, the distance between two .entres (Fig, 384). 
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SHORTER 6E0METRY 


THEOSEfi 38. 

If two circles touch one another, their centres and the 
point of contact are collinear. 




Let the two circles, centres S, S', touch at P, having a 
common tangent PT. 

We have to prove that S, S', P are collinear. 

Construction. Draw a straight line perp. to PT. 

Proof. Since PT is a tangent to the circle centre 8, it 
foHows that the perp. to PT passes through S. 

Similarly, since PT is a tangent to the circle centre S',.the 
perp. to PT passes through g'. 

.’. S, S', P are in the same straight line, namely, the perp. 
to PT at P. 

Cor. 1. AB is a diameter of a 0 and P any point on AB 
produced. A circle, centre P and radius PB, will touch the 
original circle at B 



Flo. 388. 


Cor. 2. The distance,between the centres of two circles 
which touch is either the sum of the radii or the difference 
of the radii. I 
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By; the Principle of Symmetry, since 88' is the line of 
diameters, and the circles* are symmetrical about this line, 
it follows that the common points A and B are symmetrical 
points with respect to the axis 8S, AB is bisected at right 
angles at P by SS\ 



I’K. 3ST, 

If now the circles move apart, A and B gradually approach • 
and eventually coincide at P, since AP and BP are always 
equal; while APB becomes the tangent at P and remains 
perp. to SS\ 



, I... Has. 

We have a similar result if the circles move in the opposite 
directions until they reach a position of internal contact. 
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SHORTER GEOMETRY 


EXERCISER. . 

1. Draw a circle of lj inch radius, and describe a number of 
touching circles of radius , 4 inch, both inside and outside the original 
circle. What is the locus of A and of B J 

2. Construct three circles of radii 
2*7 cms, 3-4 cms, and 4*2 cms. respec¬ 
tively, so that cut'll tirile touches the 
other two externally, and draw the 
tangents to these circles at the three points 
of contact. 

3. If thye < ire les mutually touch each 
other externally, and thedistanres lietween 
their centres are 5, 0, 7 cms respectively, 
calculate the radii. 

4. Draw a circle of radius 1*2 inches, and then another circle of 
racWus 2‘2 imhes to touch and enclose it Draw several of these 
larger circles and indicate the locus of their centres 

5. Draw a circle of radius 3-3 cnis , and place m it another circle 
of radius 1 cm., so as to touch the lirst circle Draw several such 
small circles and thus find the locus of their centres 

6. Draw a ciule of radius 2-l» c ms , and in it place several circles 
of radius 1*3 c ins to tom h the large c ircle What is the locus of the 
centres of the small circles 5 

7. In a semicircle (Fig. 3! HI) of radius 8 cms. inscribe a circle 
of radius 2 cms to touch the arc and diameter of the semicircle. 
Measure OA. 



A 

In. 3H0. Fin 391 


8. In a sector of a circle of radius 4-5 cms. and angle 72° inscribe 
a circle. Measure the radius (Fig. 391). 

9. If two circles touch at A, and a straight line through A meets 
the circles in B and C, prove that the diameters through B and C are 
parallel (Fig. 392). 


10. Two circles touch externally at P, and a common tangent 
touches the circles at Q and K. Prove that QPR is a right angle. 




Fig. 389. 
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11. Two unequal circles touch externally at P. The arc AP is onc- 
fifth ofthe circumference of (yie circle. Prove that the chord AP. 
when produced, cuts off one-fifth of the circumference of the other 
circle. 

12. Two circles with centres H and K touch one another externally. 
A straight line touches the circle with centre H at B. and the urcle 
with centre K at C. Prove that H K is a tangent to the circle on BC 
as diameter 

13. Draw a circle of radius 2 inches and another circle of radius 
1 inch to touch the former internally at a given point 0 Prove that, 
if any chord OAB is drawn through 0 to meet the smaller circle in A 
and the larger m B, then A is the middle point of OB • 

14. Two circles, on the same side of the line PX, torn h it at P, and 
a straight line PAB is drawn cutting the circles at A and B. Prove 
that the tangents at A and B are parallel. 

15. A variable circle, centre A, tom lies externally two fixed circles 

with centres P and Q Prove that AP' AQ is constant "•*. 

16. Two circles ABC, ADE, of whuli the <critics are F and G, 
touch at the point A, and a straight line BAD is drawn through A 
cutting the circles in B and D Prove that FB is parallel to GD. 


It is sometimes necessary to draw arcs of different circles 
so that they form a continuous curve. 

In Fig. 393, where two circles, centres A and B, touch at 0, 



there is no break or jerk in passing from tire arc CD on one 
circle to the arc DE on the other. Examples o( this will 
be found in the curves on railroads and in the arches and 
the tracery of windows in architecture. 
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SHORTER GEOMETRY 


EXERCISERS. 


1. Draw a line AB 3 cms. long and take AC=CD=sl cm. On 
AB -e* diameter describe a circle, and then draw continuous semi 
circles (Fig. 394). 



Fig. 304. Fio 303. 


2. Take a number of equidistant points A. B, C, ... and draw 
continuous semicircles (1'ig. 

3. Draw a figure of 8 (Fig. 3%). 



I 1 io 300. 


4. A railway goes from X to Y ; XA and CY are straight lines, 
AB, BC continuous arcs of circles with centres at P and Q. 

(i) AP-1000 yds., QB= IfiOO yds., APB=40°, BQC=50°. 

Draw the diagram (Fig. 397) to scale and measure the chords AB, BC. 



Fio. 307. Fig. 308. 


(ii) AP= 1200 yds., QB-1450 yds., APB=35°, BQC=42 e . 
Draw the diagram (Fig. 398) to scale and measure AC. 
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length EF is 4-6 inches. The radius of the arc AB is I I ms., that of 
CD 1-8 ins., that of BD and of AC 4-g ms. 

Construct the oval full size. (Army ) 

7 The large circle (Fig. 401) has a radius of 4 cms.; thctirdeswith 

centres at A, B,C have a radius of H cms.; the circles with centres at 

X, Y, Z have a radius of 1-3 cms. Draw the figure. 




8. Draw three arcs (Fig. 402) of equal radii 1-8 cms. touching a 
larger circle internally. 
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[Ex. 36, 


9. Given that ABC is an equilateral triangle of side 3 cpis., draw 
a diagram similar to Fig. 403, which contains 12 arcs of equal 
radius. • 



I n.. 4<>:t 

10. (i) Two straight lines meet and terminate at 0. forming an 
angle of 40° (Fig. 404) A circle S touches the two lines as in the figure. 
Draw the corresponding figure when 
the radius of tl»e circle S is 1 £ ms. 

(ii) Draw two other circles, each 
of them to touch S ami the two 
lines (not produced past O) Mea¬ 
sure the distance between the centres 
of the two circles so drawn 

Tl. Dr Aw two circles of radii 2 uis. 
and 3 inches with tlieir centres 
4 inches apart, and then draw a circle Ho 404. 

of radius 1 inch winch touche.s#cach 

of them externally. Measure the distance between the pts. of contact. 

(Let A and B be the centres of the given »lrcles With A and B as 
centres and radii 3 and 4 inches respectively, describe arcs cutting 
at 0. Then 0 is the required centre) 

12. A is the centre of a circle of 1*5 inches radius ; B is the centre 
of another circle of 0*8 inch radius ; and AB-4'0 inches. Construct 
a circle of 1*2 inches radius to touch the other two circles externally. 
Measure the distance between the points of contact. 

13. P is a point on the circumference of a circle of centre 0 and 

radius 1} ins. Q is taken so that POQ-41F and OQ=3 ins. Con¬ 
struct a circle to touch the given circle at P and to pass through Q. 
Measure the radius of this circle. A A 

(Join PQ ; produce OP to A ; make PQA-QPA. Then A is 
required centre.) 

14. Q is a point on the circumference of a circle, centre C and 

*> t 

radius 2-4 cms. QCP-126 6 and CP=4*3 cms. Draw a circle to 
pass through P, touch the given circle at Q and enclose it. Measure 
the radius. 
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15. A given circle with centre 0 has a radius 1*6 ins. P is a point 
so that OP-3’1 ins. Draw a circle of radius 1 inch to pass through 
P and touch the given circle externally at B. Measure BP. 

(Draw' a concentric circle with radius 2-5 ins.; with P for centre 
and radius 1 inch, draw an arc cutting this circle at A. Then "A is 
the centre tequired.) 

16. A circle with centre 0 has a radius of 2-H tins, and P is a point 
inside it, such that OP 2 cnis. Draw a circle of radius 1 cm to pass 
through P and toucli the given circle intern all) at A Measure AP. 

17. 0 is the centre of a circle of radius 1 inch, and A is a point at a 
distance 2’5 inches from 0 Construct a circle tone lung the given 
< irde and also touching AO at A Measuit* its radius 

18. Draw an equilateral triangle ABC having its .suit’s 3 inches 
in length ; with centre A draw a circle of radius I inch , and then 
construct a circle touching this circle externally, and also touching 
BC at B. Measure its diameter. 

(If AD is a median of A ABC, produce DA to meet < in )e m E . pun 
EB, cutting the circle at F ; join AF, and produce to meet the perp. 
to BC at B in 0. Then 0 is the required cclitre ) 

19. Draw a circle. ladms 2*4 ci'is . having its centre 4 tins, from 
a given straight line, and take a point on the line 7 cnis from the 
centre of the circle Draw another circle to touch the line at the 
given point and to tou< h and contain the circle Measure its radius. 

20. AB is a given straight line and C a point whose peip. distance 
from AB is 4*2 cnis C is the c entre of a cm le of radius 2 nns, Draw 
a circle of T8 ems to touch the line AB and the given c m lc externally, 
and measure the distance between the points ol contact 

(On the same side of AB a.s C. draw XY AB and 1-8 tms. from it. 
With centre C and radius 3*8 cms draw an arc cutting* XY at 0. 
Then 0 is the required centre ) 

21. C is the centre of a cir< le of radius 1 cm and AB a line whose 
distance from C is 5-4 cnis l>es< r1h<- a < ir» le of ladms 3T» cnis to 
touch the line AB on the same side as C, and to enclose the given 
circle. Measure the distance between the points of < on tact 

22. A. B. C arc three points such that AB 3-fi cnis , BC 4 cms., 
CA-"4’3 cms„ and three equal circles of radius 14 cms are drawn 
with A, B, C for centres. Draw a < ircle to touch these three circles 
and enclose them Measure its radius. 

23. OPQ is a triangle with OP '**2 tms , PQ 4-8 cms., QO~4*2 
cms. Draw three circles with centres at 0. P. Q. s>o that each touches 
the other two externally. Measure the radu 

(Bisec:t angles POQ, PQO by lines meeting at A l rom A draw 
perps. AB. AC, AD to OP, 0Q. PQ respectively. Then B, C, D are 
the points of contact) 

24. Draw two circles, centres A and B, with radii Hi cms. and 3*2 
cms, respectively, so that AB-G cms. Take a point P on circle B 

so that ABP-40 0 . Draw another circle to touch both the circles 
externally, the larger circle at P. Measure the radius. 

(Join BP and produce ; draw AC ! BP to meet circle A at C. 
Join CP, meeting circle A at D. Join AD and produce to meet BP 
produced at O. Then 0 is the required centre.) 
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THEOREM 39. 

The angles which a tangent to a circle makes with a chord 
drawn through the point of contact are equal to the angles 
in the alternate segments of the circle. 

Let TFT' be a tangent to the circle ABC and PA any chord 
through P, the point of contact. 



Draw any angles in the segments ABP and ACP, then we 
have to prove 

A 

■ • APT = the angle in the segment ABP, 

APT' = „ ACP. 

(i) Construction. Through P draw a diameter PK and 
join AK. 

A 

Proof. KAP ait. angle, (angle in a semicircle) 
AKP + APK-rt. angle, 

A A 

i.e. AKP - complement of APK ; 

but APT- „ „ APK, (KPT-rt. angle) 

A 

APT * angle in segment ABP. 
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(ii) Construction. Take any point C in the arc ACP and 
join CA, CP. < 



T' P T 


Fig. 406. 

A A 

Proof. APT' = supplement of APT, 

and ACP - „ „ akp, (ACPK cyclic) 

but APT-AKP, (just proved) 

A 

APT' -angle in segment ACP. 

This result may be proved from the limiting case of the 
cyclic quadrilateral in Theorem .‘12. 



FiO. 407. I k.. 408. 


With a quad, as in Fig. 407, we have 
AP"T =B. 

In the special case where P' and P" coincide at P 
(Fig. 408), this becomes APT = B. 
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SHORTER GEOMETRY 


EXEBCISE.37. , 

1. AT is a tangent to a circle at A (tig. 4IK)). If CBA=42®, 
BAf -20°, find the other angles of the figure. 



T A 


hi. -HID. 

•2. In Fig. 40!), if AC AT and CAT 110°, find the other angles of 
the figure. 

3. In Fig. 410, if EBD 30°, DBC 10°, and ABC is a tangent and 
BF a diameter, find the other angles of the figure 



A *B C 


I' IO 410 

A A 

4. If ABC is a triangle in which A 42°. B .58°, and the inscribed 
circle touches the sides BC, CA, AB m D, E, F respectively, find the 
angles of the triangle DEF. 

5. If an are of a circle is given, how would you draw the tangents 
at its extremities without finding the centre of the circle ? 

6. Two circles touch internally at P and PQ is a common tangent. 
PAC, PBD arc chords cutting one circle in A, B. and the other circle 
in C, D. Prove that AB is parallel to CD. 

7. Two circles touch externally at P, and straight lines APD, BPC 
are drawn meeting one circle in A, B, and the other circle in C, D 
Prove that AB is parallel to CD. 

8. CT is a tangent to a*circle meeting it at C, and AB is a 
chord parallel to CT. Prove that C is the middle point of the 
arc ACB. 
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9. AB is a diameter of a circle, T any point on tine circumference 
anti TN a perpendicular to AB. ,Provc that AT and BT bisect the 
angles between TN and the tangent at T. 

(Note that angle ATB=90°.) 

10. Tw<f circles have a common chord AB ; through A a tangent 
is drawn to one circle, meeting the other at P, and PB produced meets 
the first circle at Q Prove that AQ is parallel to the tangent 
at P. 

11. Two circles intersect at A and B At A tangents to the 

circles are drawn, meeting the other circles at X and V. Show that 
BA bisects the angle XBY. # 

12. Two circles touch internally at A, and a chord PQRS cuts 
them ; prove PAQ RAS 

13. ABCD is a cyclic quadrilateral , AD, BC meet at E; pfovc 
that the tangent at E to the circle CDE ls parallel to AB 

14. H, K arc two points in the sides AB, AC of a triangle such 
that HBCK is cyclic ; prove that the tangent at A to the circurn- 
circle of ABC must be parallel to HK. 

15. H. K are two points in the sides AB, AC of a triangle such that 
HK is parallel to BC , prove that the tircuimircles of ABC, AHK 
touch. 

16. AC is a chord of a circle and is biset ted at B. BD is drawn 
perp. to AC to meet the circle in D and DE is drawn perp. to* the 
tangent at A. Prove that DE ~DB. 

17. Two circles touch internally at A and AT is the common 
tangent. A chord BC of the larger circle touches the smaller one at 

D. Prove that BAD DAC 

18. Tangents to a circle at the extremities of two perpendicular 
chords form a cyclic quadrilateral. 

19. From a point P a tangent PA is drawn to a < lrcle, and a secant 
PBC cutting the circle in B and C. The bisector AQ of the angle 
BAG cuts BC at Q. Prove that PQ PA. 

20. QR is a chord of a circle, TR is the tangent at R ; a straight 
line through Q perpendicular to this tangent meets it in T and 
the circumference of the circle again in P , PM is the peq>endicular 
from P on QR. Prove that the angles QPM, TPR, TMR, TRM are 
all equal. 

21. Draw a circle touching the side AB of a triangle ABC at A, and 

passing through C. * 

Draw another circle touching CA at C and passing through B, 
cutting the first circle at P. Prove that the angles PAB, PBC, PCA 
are all equal. 
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SHORTER GEOMETRY 


COMMON TANGENTS. 


The number of lines which can be drawn to toue^i both of 
two given circles depends on the relative positions of those 
circles. 

In the general case, four sucli tangents can be drawn, two 
being called external or direct common tangents, and the 
other two, which pass in between the circles, being internal 
or transvetse common tangents. 

As the circles alter their relative positions the number 
of common tangents may be 3, 2, or 1; and finally, if one 
circle is entirely inside the other, there is no common 
tangent. 




Flo. 411. 



A common tangent such as a or b is obviously obtained 
by drawing a line perp. to the line joining the centres of the 
circles. 



COMMON TANGENTS 
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CONSTRUCTION 12. 



Let S and S' be the centres of the two given circles, PP', 
QQ', and a and b their radii. 


Construction. With centre S and radius a-b, draw a 
circle AA'. 

By drawing a circle on SS' as diameter, construct the two 
tangents 8'A, S'A', from S' to this circle. 

Join 8A, SA' and produce to meet the larger circle in P, P'. 
Draw S'Q, S'Q' || SP, SP' respectively. 

Join PQ, P'Q'. 

Then PQ, P'Q' are the two external common tangents. 

Proof. SA«a-4, 8P=a; 

/. AP=SP-SA=6 = S'Q, 

and AP is || to S'Q ; (constr.) 

PAS'Q .and similarly P'A'8'Q' arc o m \ 

But PAS' is a right angle ; (8'A _L“8A) 

.'. PAS'Q is a rectangle, 

A A 

i.e. APQ and PQS' are ( right angles; 

.'. PQ is a tangent to both circles. 

Similarly P'Q’ is a common tangent. 

1 
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CONSTRUCTION 13. 

To draw two internal common tangents to two given 
circles. 

Let S and S' be the ccnties 
of the two circles PP’, QQ’, and 
a and b their radii. 

Construction. With centre 
S and rlidius a+b describe 
a circle AA', and draw two tan¬ 
gents S'A, S'A' to it from S'. 

Join SA, SA' meeting the circle PP’ in P and P'. 

Draw S'Q, S O.' jj AS, A'S respectively. 

Join PQ. P'Q', then PQ, P'Q' are the internal common 
tangents. 

Proof. PA - SA - SP «*(</ i b) - a mb -QS', and PA is [| to CIS' ; 

PAS'U and similarly P'A'S'Q' are nj"'\ 

But PAS' and P'A'S' are light angles ; 

PAS’Q and P'A'S'Q' are rectangles, 
rue SPQ (or APQ) and S’QP are light angles ; 

PQ is a tangent to both circles. 

Similarly P'Q' is a common tangent. 

EXERCISE 38. 

1. Draw two tircles, radii 3-7 ems and 14 cms., with their 
centres 7 cms apart, and draw their two external common tangents. 
Measure the length of the tangent. 

2. Draw and measure the internal common tangents in Qn. 1. 

3. Repeat Qn. 1 with the numbers 4*2 cms , 2*2 cms., 8 cms. 

4. Draw and measure the internal common tangents in Qn. 3. 

5. Two circles, with centres 5 cms. apart, have radii of 3*7 and 
2*3 cms., and cut at A and B. 

Draw the external common tangents and let AB produced meet 
one of these tangents in P. Measure AP. 

6. Two circles witfi radii 2 and 4 cms. have their centres 8 cms. apart. 
Calculate the lengths of their external and transverse common tangents. 

7. Two circles, with radii a and 6, have their centres a distance 
c apart. Prove that the difference of the squares of an external and 
internal common tangent equals 4 ab. 


'--.A 
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RECTANGLES. 

We have already seen that the area of a rectangle ABCD, 
with length a cms. and breadth b ems,, equals ab sq. cms. 

Such a rectangle is said to be con¬ 
tained by two adjacent sides AB and AD, D_ c 

and 

area of rcct. ABCD - AB . AD ; 4 

this latter expression is frequently used 
for the expression rect. ABCD. JL-L_- 

In the same way, the area of the square I,,.. (U 
described on AB is represented by AB 1 . 

It is sometimes convenient to refer to the rectangle ABCD 
as AC or BD. 


Illustration of Algebraical Identities. 

Fokmci.a I. 

k(a + b + c i d) ka * kb i kc t kd. 

Take a straight line AB, a ins. long ; produce it to C 
so that BC — b ins.; to D so 
that CD =c ins.; to E so that 
DE=dins.; and so on. 

Draw AP j/ r to AE and k in*, 
long. 

Draw through B, C, D, E lines 
|| AP and through P a line j| AE. 

It is easily shown that all the 
figures formed are rectangles. 

The whole figure APTE = the sum of APQB, BQfiC, CR8D, 
D8TE ; 

AP . AE = Af . AB a BQ . BC -t CR . CD + DS . DE, 
that is, k(a+b +c +d) =ka +kb + kc + kd. 

This can be enunciated thus : 

If there are two sir. lines, one of which is divided into any 
number of parts, the rectangle contained by (he two straight lines 
is equal to the sum of the rectangles contained by the second line 
and each portion of the divided line. 


A a BftC c 

it E 

ha 

hb 

_ 

he 

hd 

P Q R S 

T 


IIG. 415. 
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FORMUtA.II. 

(a+b)*«a*+2ab+b*. 

Let the line AC be divided at B into 
2 parts of lengths a and b. 

On AC describe a square ACRP ; draw 
BQ || AP. 

Cut off AH = 6, and draw HU || AC. 

It is easily seen that BL, AR and HQ 
are squares. 

APRC -AHKB + BKLC I HPQK + KQRL ; 

.'. (a +6) a = a6 + 4* +a s + ab-a a + '2ab +b*. Fl0 - 41# - 

This may be enunciated thus: 

1}a str. line is divided into any two parts, the square on the 
whole line is equal to the sum of the squares on each part, 
together with twice the rectangle contained by the parts. 

It should be noticed that in this figure PKC is a straight 
line since PKH + HKB , BKC - 45°+90° + 45° -180°. 

Formula III. 

(a-b) J =f»-2ab + b*. 

Let AC=s, BC 

.'. AB — a - 6. 

Notice that BL, HQ and AR are 
squares. 

{a -by 

-HPQK - APRC - AHLC - KQRL 
- APRC - AHLC - (BQRC - BKLC) 

-a* - ab - (ab - 4 *) 

-a , -2ab+b*. fio .« 7 . 

This may be enunciated thus : 

The square on the difference between two lines equals the 
s*m of the squares on the two lines less twice the rectangle 
contained by the lines. 
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Formula IV. 
a 2 -b 2 = (a’+b)(a-b). 


A a M b C 

)a4B 

IBBi 


% 

§ 

H L 

F 

K 

4* 

r 

Q 


!V, 41K 


Take AB = 2a ; M the middle point of AB ; 

MC ^ b ; AH = BC = «- 6; BQ = a: 
draw parallels as in the figure. 

a 2 - 6 2 - MRQB - LRPK 
-MLKC+CPQB 
-MLKC + AHLM 
= AHKC 
= AC.AH 
= (a + 6)(a -b). 

This may be enunciated thus: 

The difference of the squares on two sir. lines is equal to the 
rectangle contained by their sum and difference. 


Ex. If P, Q, R, S are four points in order along a straight 
line, prove that 

PR 1 + OS* - 2QR . PS + PQ 2 -t RS*. p Q R 8 

PR 2 = (a + 6) 2 ~iF+2a6 + 6 2 , « i ‘ « 

QS* - (6 + c) 2 ■=■ 6 2 + 26c + c 2 ; fK ' m ' 

PR 2 + ®8 2 ■» 2a6 + 26 2 + 26c + a 2 + c 2 , 

2QR. PS - 26(a + b + c) = 2a6 + 26* + 26c ; 

/. 2QR . PS + PQ 2 + RS 2 - 2ai’+ 2b 1 + 26c + «* + c 2 ; 
etc. 
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EXERCISE j)9. 

' 1. Taking a = 1*7 ins., 6 = 1*3 iifs., and x~2 ins., illustrate by a 
diagram the truth of the algebraic theorem (a + b)x=ax-\bx. 

2. Taking a -1*2 ins., 6= 1-5 ins., *=0'8 ins , y- 1*3 in%, illustrate 
by a diagram that (a t b)(x t y)-ax + bx±ay + by. 

3. Illustrate by a diagram that a[b-c)-ab-ac. 

4. If A. B. C, D arc four points in order on a straight line, prove 
that AC.BD - AD . BC + AB . CD. 

5. If a straight line is (5 inches long and be divided into two parts, 
and the difference of the squares on these two parts is 8 sq. inches, 
calculate the lengths of the two parts. 

# 6. A straight line is 7 inches long, and is divided into two parts 

so that the sum of the squares on the two parts is 21) sq. ms.; 
calculate the lengths of the two parts 

7. If a straight line AB is divided into any two parts at C, prove 
that ACN CB* cannot lx- less than 2AC . CB. 

8. If X is the middle point of a line PQ, and Y is a point in PQ 
produced, so that XY*~ PQ/fXQ*, prove that PY . QY=PQ,*. 

9. ABC is an isosceles triangle with AB^AC, and BD is perp. to 
AC; prove that BD* CD* f2AD DC. 

10. If a straight line AB is divided into two parts at C, prove that 
4AB . BC + AC* = (2BC + AC)*. 

n. If a.straight line AB is bisected at C. and divided internally 
unequally at D, prove that AD* + DB*-2AC* f 2CD* (Fig. 420). 

A ,C D B 


12. If a straight line AB is bisected at C and divided externally 
at D, prove that AD* + DB*-2AC*+2CD* (Fig. 421). 

A 0 B .0 

Fig. 421. 

13. If a straight line AB is divided into two parts at C, for what 
position of C will the value of AC* + CB* be least ? 

14. Divide a straight line into two parts, such that the rectangle 
contained by those parts shall be the greatest possible. 

16. AB is divided into two parts at C, and D, E are the middle 
points of AC and CB respectively. Show that the square on AE 
together with three times the square on EB is equal to the square 
on BD together with three tinees the square on DA. 

16. If the line AB is bisected at C and produced to D, prove, that 
AD«=SD*+4AC.CD. 
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NOTE ON PROJECTION. 

The projection of a point on a straight line is the foot- of 
the perpendicular drawn from the point to the line or the 
line produced. 

The projection of a straight line on another (in the same 
plane) is that part of the latter which lies between the 
projections of the extremities of the former. 

In the figure, XY is the line on which the points are 
projected. 

H is the projection of A. 

K „ B. 

L „ .. C, 

HK „ AB, 

KL ., ,. BC. ... .... 

LH CA X H ll K Y 

1 I-. 12J 

THEOREM 40. 

(An extension of Theorem of Pytlugoias.) 

In an obtuse-angled triangle, the square on the side 
opposite the obtuse angle is equal to the sum of the squares 
on the other two sides lordlier with twice the rectangle 
contained by one of these sides and 
the projection on it of the other. 

Let ABC he the triangle and A the 
obtuse angle. 

BN is drawn perp. to CA produced. 

It is required to prove that 

BC 2 -CA 2 + AB* + 2CA . AN I 481. 

Proof. Let BC = a, CA - 6, AB - r, AN - x, BN = h. 

BC 2 - CN 2 + NB 2 (Pythagoras) 

= (6 + *) 2 + A 2 

= 6 2 + 26*+(* 2 -i/i 2 ) 

= 6 2 + 2 bx + c\ ‘ (Pythagoras) 

i.C. BC 2 - CA 2 + AB 2 l 2CA . AN, 
or a 2 > 6 s + c 2 by 26*. 




B.S.G. 
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THEOREM* 41. 

(An extension of Theorem of Pythagoras.) 

In any triangle, the square on the side opposite an acute 
angle is equal to the sum of the squares on the other two sides 
diminished by twice the rectangle contained by one of those 
sides and the projection on it of the other. 



Let ABC be the triangle, A being the acute angle in each 
case. 

CN is drawn perp. to AB or AB produced. 

It is required to prove that 

BC® = AB® •- CA® - 2AB . AN. 

Proof. Let BC = «, CA^f> ( AB =c, AN -=x, CN =p. 

BC S = BN* + CN* (Pythagoras) 

= (c~x) t + />* 

=.c*-2c.t+ (**+/>*) 

■=c‘-2cx + b i , 

i.e. BC* = AB* + CA* - 2A8 . AN, 
or a , <6* + c* by 2cx. 


(Pythagoras) 
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THEOREM 42. 

(Theorem of Apollonius.) 

In any triangle, the sum of the squares on any two sides 
is equal to twice the square on half the third side together 
with twice the square on the median which bisects the third 
side. 



'.v."*■ * .« 

1 ic. I'CV 


Let ABC be the triangle, M the middle point of the third 

A 

side AB, and AMC obtuse, 

Draw CN perp. to AB produced or AB. Join CM. . 

It is required to prove that 

CA* + C8 s =2AM 2 -t 2CM 2 . 

Proof. Let AB = «, MN CN = />; 

AC 5 = AN* + NC J = ^ + * j* + +«* *-** + />*, 

CB’^NB’ + NC^Q + -ax + x‘ rp*', 

AC' + CB*-* +2(** + p ! ) 

- 2am* + 2CM*. 
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EXERCISE '40- 

• 

1. Explain how to test whether a triangle is obtuse, right or 
acute-angled, when given the sides Apply your test to triangles 
whose sides are (a) 0, 8, 9 , (b) f>, f>, In , (c) 3, 12, 13. 1 

2. State whether the triangles with the following sides are 
right-angled, acute angled, or obtuse angled, and give reasons : 

(i) 2, 5. ft , (u) 3, 4, 5 . (m) 3, ft, 7 ; (iv) 3, 7. 8. 

3. If a line AB of length 8 cuts makes an angle 0 with another 
line XY, find by measurement the length of the projection of AB on 
XY when 0 * 10", 20°, 30", 40’ respectively. 

4. If the sides of a triangle are a, f», 8 ems respectively, calculate 
* the lengths of the medians to l place of decimals 

•6. If two sides AB and AC of a triangle ABC are 0 and 8 eras, 
respectively, and the median AD is f>-*2 ems , calculate the length 
of BC. 

6. If the medians of a triangle arc 4. ~> and f> ems., calculate the 
lengths of the sides to I plate of decimals. 

7. Show that the sum of the squares on the diagonals of a 
parallelogram is equal to the sum of the squares on its four sides. 

8. If two sides of a parallelogram are If>*4 ems and 13*2 ems. 
and one diagonal is lti-7 uns , find the length of the other diagonal. 

0. A point P moves so that the sum of the squares of its distances 
from two fixed points A and B is constant Prove that the locus of 
P is a cm le 

(Join P toM the middle point of AB, and prove that MP is constant.) 

10. ABC is a triangle and M the middle point of BC. If AD is perp. 
to BC, prove that AB’~ AC 1 -2BC . MD. 

11. Find the locus of a point which moves so that the difference 
of the squares of its distances from two fixed points is constant. 

12. H is any point in the base BC of an isosceles triangle ABC. 
Prove that AB 1 - AH*--BH HC. 

13. ABC is an equilateral triangle, BC is trisected at H, K. Prove 

that AH* = JAB*. 

14. ACB is a triangle in which C is a right angle, and CD is the 
perpendicular on AB Given that AB . BD BC*, prove that 

AB. AD-AC*. 

15. ABC is an isosceles triangle having AB^ AC, and D is the foot 
of the perpendicular from C <*n AB Prove that BC*-2AB. BD. 

16. If Q is the centroid of,a triangle ABC, prove that 

AB» + BC* + C A*=3 (AG*+BG*+CG*). 
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17. Ill a triangle ABC. in which tin* angles at B ami C are acute, 
BE and CF are drawn perp. to AC and AB respectively. Prove that 

BC* AB 6F i AC CE. 

18. In a quadrilateral ABCD, M and N are the middle points of 
AC, BD, grove that AB* + BC*+AD* * CD* AC* f B0 , + 4MN“ 

(Apply Apollonius’ Theorem to the \* ABC, ACD, BMD ) 

19. If ABC be an isosceles triangle, and the base BC he produced 
to H, and in AH a point E he taken, such that AH AE AC 1 , prove 
that AH .EH BH HC 

20. ABC is an isosteks tnangle having AB AC DE is drawn 
parallel to BC to cut AB at D and AC at E Prove that the difference 
between the squares on CD and CE is equal to the re< tangle contained 
by BC and DE. 

21. In an isosceles triangle ABC. the base BC is produced to D so* 
that CD BC Prove that AD* AC* f 2BC*. 

22. The sides AB, AC of a triangle ABC are equal ; pioduce BC to 
D, and join AD Show that the square on AD equals the square 
on AB. together with the rectangle BD DC. 

23. AB and CD are two parallel straight lines. AD is produced to 
E so that AD - DE, and BC is prodmed to F so that BC CF Prove 
that EF is parallel to AB ami CD. 

24. ABCD is a trape/mm with AB and DC parallel sides Prove 
that AC* ^ BD* - AD* • BC* - '-’AB CD 

25. ABC is a triangle in whuh the angle ABC -f»0* ; AN is perpen¬ 
dicular to BC ‘ * 

Express AN in terms of AB, and CN in terms of BC and AB, and 
deduce that AC « gC‘ BC AB + AB* 

ABCD is a regular tetrahedron, each edge of which measures 
12cms The shaded triangle represents a .section through C, E, F. 
If AE~4 tins, determine the length of AF that will make the 
angle FEC a right angle. ( fmv ) 


A 



H<- is* 


Note. Remember that the angles EAF, EAC and FAC are each SO*, 
and express CE*. EF 1 , FC* in terms of AC, AE, AF. 
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INTERSECTING'CHORDS. 

THEOREM 43. 

( 

If two chords of a circle intersect at a point within the 
circle, the rectangle contained by the segments of the one is 
equal to the rectangle contained by the segments of the other. 



Let AB, CD be two chords of a circle intersecting at E ; 
we have to prove that rect. AE . EB = rect. CE. ED. 

Construction. Take the centre 0 and draw OM, ON perp. 
to AB, CD respectively, bisecting them at M and N. 

Join OA, OE. 

Proof. AE . EB = (AM +ME)(MB -ME) 

-(AM + ME)(AM-ME) 

= AM S - ME* 

=.(AM a +OM s )-(ME*+OM ! ) 

=OA s -OE s . (Pythagoras) 

Similarly, CE.ED=OC*-OE‘ 

=OA»-OE>. 

AE.EB-CE.ED. 

The converse is also true, and if two lines AB, CD intersect 
at E, so that AE. EB«=CE. ED, then the four points A, B, C, D 
are concyclic. 

N.B .—If r is the radius of the circle, note that we have 
proved that 


AE.Eb-^-OE*. 
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THEOREM 44. 

If from a point without a circle a secant and a tangent to 
the circle are drawn, the rectangle contained by the whole 
secant and the segment of it 
without the circle is equal to 
the square on the tangent. 

Let ET be a tangent to 
the circle and EAB a secant; 
we have to prove that 
EA . EB —ET 2 . 

Construction. Take the 
centre 0 and draw OM perp. 
to AB, bisecting it at M. Join OT, OE, OA. 

Proof. EA . EB = (EM - MA) (EM + MB) 

= (EM -MA)(EM t MA) 

- EM 1 - MA 2 

— (EM 2 -t OM 2 ) - (MA 2 , OM 2 ) 

«OE 2 -OA 2 (Pythagoras) 

—OE 2 - OT 2 

-ET 2 . (OT [>erp. toTE) 

N.B.-—U r is the radius of the circle, 

EA . EB -OE 2 - r 2 . 

Cor. If two chords of a circle meet when produced at 
a point outside the circle, 
the rectangle contained by 
the segments of the one is 
equal to the rectangle con¬ 
tained by the segments of 
the other. 

For 

EA . EB“ET 2 = EC . EO. 

Theconverseoi this theorem 
is also true, and if two lines 
ET and EAB intersect at E so that ET 2 -EA. EB, then the 
circle circumscribing the AABT touches ET atT. 
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The distance of the visible horizon. 

If P is a point above the etfrth's surface and tangents be 
drawn from P to the earth, they will touch the earth in a 
circle, represented by a dotted line in the figure. * 


EPF 



B 

Ik. no 


Ibis dotted circle is called the \isible Horizon. 

PAB is drawn through the centre of the circle. 

If a horizontal plane EPF (i.e. a plane parallel to the 
tangent plane at A) he drawn through the observer at P, 
then any one of the angles FPT or EPT' is called the Dip of the 
Horizon and PT (- AT approx.), the Distance of the Horizon . 

If r is the radius of the earth and PA = /i, then since PT is 
a tangent and PAB a secant, 

PT 2 =PA . ?>B ~/i(/i +2r). 

Since h will always be small in comparison with r, h * is 
smaller still, and may be neglected, 

PT 2 2hr (approx.). 

If now h is measured in feet, and r is taken as 3960 miles, 
then PT a =2x J^)X39GO 

= !!*, 

PT = %ih miles. 

Ex. Find the distance of the horizon from the top of the 
cliffs of Moher, which are 000 ft. high. 

Distance = v* x 600 miles 
-v900-=30 miles. 
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EXERCISE 41. 

1. Through a fixed point P, 2*5 eras from 0 the centre of a circle 
of radius 6-5 cms., any chord BPC is drawn . find the constant 
numerical # value of the area of the rectangle BP . PC lor all positions 
of BC. In particular, if BP is equal to twnc PC, t ali ulate the length 
of BC. 

2. Two chords of a cin. le intersect inside the circle , the segments 
of one chord arc 2 and 7, and one of the segments of the other is 4 ; 
find the other segment 

3. A point is taken 0 inches from the centre of a uitle, radius 
2 inches. Calculate the length of the tangents from the point to 
the circle. 

4. Draw a circle, radius 4 cms , and put in it a chord 0 cms 
long , produce the chord by 3 cms , and draw a tangent to the circle * 
from the extremity of chord produi ed. Hence show how to find x '27 
by drawing 

5. OXY is a secant of a circle with centre A If OX -3 cms , 
XY=5 cms and OA -6 cms , calculate the radius 

6. AOB is the diameter of a c ircle, * nitre 0, and PNQ, is a chord 
perp to this diameter between 0 md A. If AO -2 ms, ON---.' in., 
calculate the value of BQ 

7. The radius of a < ircular arc ABC is 30 ft , and the height BD 
is 8 ft ; find the span AC (Pig 431) 



8. O is the centre of a circle of radius 6*5 cms , and P is a point 
5-5 cms. distant from 0 A chord AB is drawn through P so that 
BP=3AP. Find the length of the chord. 


9. Draw two lines AB and AC at an angle 
of 60°. In AC take P, Q such that AP--2, 
AQ=8. Take R in AB such that AR 4 
Show that the circle PQ,R touches AB at R, 
and explain why Draw any other circle 
through P, Q cutting AB at L, M. Compare 
the length of the tangent from A to this circle 
with the length of AR. 

10. AT is a tangent and AD a diameter of 
a circle ; TB is parallel to AD and BC perp. 
to AD (Fig. 432). 

If AC=* and the radius=a. prove * 
TA*=*x(2a-x). 

(This is often useful in Mechanics when 
x is small, and consequently TA*-2 ax, approx.) 



Fig 432. 
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11. ACB is a chord of a circle such that AC=4 cms., CB=5J cms., 

00=2 cms., where 0 is the centre of the circle. Calculate the radius 
of the circle. » 

12. Find the distance of the visible horizon for an aeroplane 
8000 ft. above sea level. (Radius of earth - 3060 miles.) f 

13. Find the distance of the visible horizon from the top of a mast 
120 ft. above sea-level. (Radius of earth--- 3060 miles.) 

14. Given the distances above sea-level, find the distance of the 
visible horizon from 

(i) Beachy Head. 675 ft., 

(ii) Holyhead Mountain, 719 ft., 

(ni) Lands' End Hotel, 216 ft., 

’ (iv) Telegraph Inn, Great Orine’s Head, 679 ft., 

(v) The Rivals (Carnarvonshire), 1849 ft., 

(vi) Snowdon, 3560 ft. 

In each case assume that the earth’s radius is 3960 miles. 

15. From the top of one lighthouse 140 ft high the light of another 
180 ft. high can just be seen Calculate the approximate distance 
apart of the lighthouses, if the radius of the earth is taken as 3960 
miles. 

18. Two circles intersect at A and B From a point in BA produced 
are drawn two straight lines, one cutting one of the circles in K and L, 
and the other cutting the other circle in M and N. Prove that the 
points K, L, M, N are concychc (Fig. 433). 



FlO. 433. Fig. 434. 


17. Two circles intersect in A and B, and fiom any point P, on BA 
produced, tangents PQ, PR are drawn to the circles. Prove PQ= PR 
(Fig. 434). 

18. Two circles intersect in A and B, and BA produced meets a 
common tangent ST in X. Prove XS-XT (Fig. 435). 



• Flo. 433. 

it. A is a point on the common chord of two circles. LAM is a 
chord of one circle and PAQ of the other. Prove that a circle can 
be drawn through L, M, P, Q. 
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• Ex. 41] 

20. ABC is a triangle ; AD is perpendicular to BC ; DE, DF are 
perpendiciilar to AC and AB respectively. Prove that (i) AD touches 
the semi-circles DEC and BDF; Jii) AE . AC=AD*; (iii) BFEC * 
cyclic. 

21. If P^, PB are two tangents to a circle, centre 0. from an 
external point, and OP meets AB m Q, prove that OQ ■ OP~OA*. 

(Prove that OA is a tangent to the circle through A, Q. P.) 

22. The diagonals of a cyclic quadrilateral ABCD meet at X and 
DX=BX. Prove that the sum of the squares on the sides of the 
quadrilateral equals 2AC*. 

23. If three circles intersect, the three common chords of the 
circles, taken in pairs, .ire concurrent [Hint: call tht; circles P, 
Q, R ; let the common chords of P, Q, and Q, R intersect at 0. and 



let AB be the common chord of P, R. Join AO, and suppose it meets 
P at K and R at K'; then prove OK-OK', and hence K and K' must 
both lie at B ] (Fig. 436.) 

24. A semi circle is drawn with AB as diameter, and two chords 
AX, BY are drawn intersecting at C ; prove that 

AC. AX + BC.BY AB* 

(Draw CM perp. to AB, and note that X-Y 90° CMB.) 

25. Given two fixed circles, centres O and 0\ let P be a movable 
point such that the two tangents PA. PB are equal 


P 



Prove that the locus of P is a line perp. to 00'. This locus is called 
the radical axis of the twojcircles. 

(Prove OP-Or* is constant, where PF is perp. to 00.) 
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28. From a point A outside a circle a secant ABC and a tangent 
AD are drawn so that AC is perpendicular to AD. Prove that 
AB* f-AC 3 + 2AD* is four times tluj square of the radius of the circle. 



Ik. IIS. 


27. Fr<fln P, Q the ends of a diameter of a circle, perpendiculars 
PA, QB are drawn to a chord XY of the (lrcle ; show that the rectangle 
AX . XB is equal to PA QB 



•28. ABCD is a rectangle him nhed in a urcle. From a point P in the 
circumference of the cm le peipeudiculars PH, PK, PL, PM arc drawn 
to the four sides AB, BC, CD. DA Show that PH . PL^-PM . PK. 

29. PQRS is a square 0 is the middle point of RS. The circle 
POQ cuts PS again at T Prove that PT 3TS 

30. A system of circles is drawn through two points A, B, and 
P is a given point on AB produced. Find the locus of the points of 
contact of the tangents drawn from P to the urcles. 

31. ABC is a triangle , a circle passes through A and touches 
BC at D, and it is found AB - 3BD ; if the circle cuts AB at K, prove 
AK-8BK. 

32. ABC is an isosceles triangle with BA BC. A circle passing 
through A and touching BC at its middle point cuts AB in X; prove 
that AX-3BX. 

33. If two circles touch externally, prove that the square on 
their common tangent equals the rectangle contained by the two 
diameters. 
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CONSTRUCTION 14. 

Describe a square equal in area to a given rectangle. 

Let A8CD be the given rectangle. 

Produce AB to E, so that BE = BC. 

Bisect AE at 0, and with 0 for centre and iadius OA 

describe a semicircle. _ 

Produce CB to meet the 
semicircle on F; then the / / 

square described on BF is / / \ 

equal in area to the given / / \ 

rectangle. x / y b *-y L 

Method i. Join OF. o 

Let AO =0E = valid OB y. 

FB 2 - OF 2 - OB 2 L- 

0 c 

OE 2 -OB 2 no. 


-- AB . BE - AB . BC 
»given rectangle. 

Method ii. Since ABE is a diameter, (lie chord FB pro¬ 
duced is bisected at B, since it is perp to ABE ; 

.-. FB 2 = AB.BE (Til. 43) 


AB . BC. , 

Method ni. Let A BCD be the 
rectangle. 

Cut off BE - BC; on AB as 
diameter describe a semicircle. 
Draw EF perp. to AB. Join BF. 
Rect, A BCD = AB . BE 

= (A£+EB) EB 
= AE.EB+EB 2 
■=EF* + EB 2 
-BF 2 . 



(Th. 43) 
(Pythagoras) 


It will be noticed that in Method iff. the figure is drawn 
so that the two lines AB, BE overlap, whereas in Methods i. 
and ii., BE is a continuation of AB, and consequently the 
figure takes up more space. 
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• CONSTRUCTION 15. 

Describe a square equal in area to a given polygon. 

This problem involves describing a triangle eqtlal in area 
to the given polygon, reducing the triangle to a rectangle, 
and then drawing a square equal in area to the rectangle. 

To draw a circle through two given 
points so'as to touch a given line. 

Let the line joining the two given * 
points A, B meet the given line XY 

Pig, 442 . 

Take TP such that TP* =TA . TB. 

The circum-circlc of PAB touches XY at P. 

The point P may be conveniently found geometrically by 
drawing any circle through A, B, drawing a tangent TQ to 
this circle, and then making TP =TQ. 

To draw a circle through two given points to touch a given 
circle. 

Let A, B be the given pts,, and PQX the given circle. 



Fig. 443. 


Draw any circle through A, B, to cul the given circle at 
P, Q. 

Let BA and QP meet at T. 

Draw TR a tangent to the given 0. 

Then TA . TB-tp. tq.-tr* ; 

■ the circum-circle of ABR will touch the line TR and the 
given circle at R. (Th. 44) 
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EXE BOISE 41 

1. Describe a rectangle, with*one side 7*5 cms. long, equal \a 
area to a square of side 5 cms. Measure the other side of the 
rectangle. 

(Draw AB -5 cms. and AC-7’5 cms.. so that BAC~-90°. Draw 
BD perp. to BC to meet CA produced at D.) 

2. If one side of a rectangle is 6*2 cms., find by construction the 
other side, if the area of the rectangle is 10 sq. cms. 

3. Show how to divide a given straight line into two parts such 
that the rectangle contained by them shall be as great as possible. 

4. Draw a straight line 9-5 cms. long, and by geometrical con¬ 
struction divide it into two parts so that the rectangle contained by 
these parts shall be 16 sq. cms. m area 

5. Construct a square having its area equal to that of an equi¬ 
lateral triangle whose sides are . r > < ms. Measure the side of the 
square and check the result by calculation 

6. Construct a triangle with sides 4 ms., 3-4 ins., 2-6 ins. Also 
construct a square equal in area to the triangle. Measure a side of 
the square. 

7. Construct a square of side 2 inches, and then construct a 
rhombus of side 2*5 inches of equal area. Measure its diagonals. 

(First reduce square to a rectangle with one side 2-5 ins.) 

8. Construct a square equal m area to the quadrilateral ABCD 
in which AB=3 ins , BC -2-< ins , CD -2*1 ms., AD 4 ins , and the 
angle ABC-115°. Measure a side of the square. 

9. Inscribe a regular hexagon in a rircle of radius 2 inches." 

Draw a square whose area is equal to that of the hexagon, and 

measure the side of the square 

10. Draw a regular pentagon with each side 1*5 inches, and then 
describe a square equal in area Measure the side of the square. 

(Each angle of the pentagon ls 108°.) 

11. A flagstaff AB, 20 ft. high, stands at the top of a tower BC, 
of height 80 ft. .Find a point D in the horizontal plane through C 
at which the flagstaff subtends a maximum angle. 

(Draw a 0 passing through A, B and touching the line through 
C perp. to AC.) 

12. Make an angle AOB-30 0 . In OA take points P, Q such that 
OP=4 cms., OQ=9 cms. Describe a circle passing through P, Q, 
and touching OB. Measure the radius, 

13. Draw two straight lines, OA, OB inclined at an angle of 50° ; 
on OA take two points P, Q such that OP-4'4 cms. and OQ=9-6 cms.; 
through P and Q draw a circle to touch OB. Measure the radius. 

14. Draw a circle, centre 0. radius 3 cms. Draw any line OA; 

through O draw OB, OC so that AOB »15°, BOC=25 # . On OB, OC 
take points X and Y, so that OX-5 cms., OY=5-5cms. Draw a 
circle to pass through X and Y and touch the given circle. Measure 
it* radius. 
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RATIO AND BROPORTION. 

In Fig. 444 the length of the straight line AB contains the 
length of the shorter line PQ exactly 3 times; 

AB is said to be a multiple of PQ, 
and PQ ,, ,, submultiple of AB. 


P Q R 

• I'lG 44 4 

In Fig. 415 HK contains the small (shaded) area HM 
exactly 4 times; 

the area HK is a multiple of tig. HM, 
and the area HM is a subinultiplc of fig. HK. 

Drr. A greater magnitude which exactly contains a 
smaller magnitude a definite number of times is said to be 
a multiple of the smaller magnitude; and the smaller 
magnitude is said to be a submultiple of the greater. 

Let PQ (Fig. 444) be produced to R, so that PR=2PQ. 

AB is not a multiple of PR, but AB and PR have this relation 
between them, that each is a multiple of PQ. 

PQ is sometimes called a common measure of AB and PR. 

Similarly in Fig. 445, the shaded part HM is a common 
measure of the whole area HK and the unshaded part. 

Def. If two magnitudes are such that each is a multiple 
of some third magnitude, the two magnitudes are said to be 

commensurable. 

The subject of commensurable and incommensurable magni¬ 
tudes presents at first some difficulty. 

It usually strikes beginners as curious that two straight 
lines can be incommensurable. 

It is a fact, however, that no common measure can ever 
be found which is an ex^ct submultiple of the side of a 
square and also its diagonal. 


H 
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Def. The Ratio of one quantity to another of the same 
kind, expressed in terms of the same unit, is the quotient 
of the one divided by the otlier. 

The ratio of a to 6 may be written a : b, a~b, ajb. 

Proportion. Def. Proportion is the equality of Ratios. 

Thus if a : b = c : d, the four quantities a, b, c, d, form a 
proportion, d being called the fourth proportional. 

The length of line HK 4 H * 

The length of line MR 11’ 
also area of whole fig. EF 4 
area of shaded part 3' 

Thus line HK, line MR, area EF, and 
shaded part of EF, constitute 4 magnitudes 
in proportion. 

Duplicate Ratio. The duplicate ratio of a : b is a s • b *. 

Mean Proportional. If there are three magnitudes such 
that 1“ : 2'" l =2'“ 1 : 3"', then the 2”’ 1 magnitude is called the 
mean proportional to the l' 1 and 3"'. 

Third Proportional. In the above case, the 3"' magnitude 
is said to be the third proportional to the first two. 

Thus, if a : 4 : c, 

b is the mean proportional between a and c, 
c is the third proportional to a and b. 

The following algebraic results should be known. 

lia:b*-c :d, then 

(i) b: a =d : c, 

(ii) a.c-b'.d, 

(iii) ad=bc, 

a + b c+d 

(> v ) b -T' 

C-d 

i’ ■ 

, ., a+b c + d 
< V1 > a -b m c-d- 

P 


a-b 

w b 
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’DIVISION OF A LINE-IN A GIVEN RATIO. 

Internal Division. A straight line AB is said to be divided 
internally at P in the ratio x : y, if AB can be divided into 
x+y equal parts of which AP contains exactly * and PB 
exactly y ; 

i.e. AP : PB - x : y. 

A_ P B 

Fig 417. 


External Division. A straight line AB is said to be divided 
externally at P in the ratio x :y (x being greater than y), if 

A___B _P 

Fig 448. 

AB can be divided into (x - y) equal parts, of such a length 
that if marked off successively along BP, BP contains exactly 
y of them, and consequently AP exactly x ; 

i.e. AP : BP -x : y. 

If y>x, then AB must be divided into (y-x) parts and P 
would be in BA produced. 

Extreme and Mean Ratio. If a line AB is divided into two 
parts at X, so that 

AB : BX = BX : AX, 

A X i 

Fig. 441) , . 

then it is said to be divided into extreme and mean ratio, 
or in medial section. 
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Note that the areas of any two triangle* which have 
equal altitudes are proportional to their bases; or if they 
have equal bases, they are proportional to their altitude*. 



a' 



b' 


Imo. 450. 


C' 


The area of any triangle = 5 base x altitude. 
If h and h' be the altitudes, we have 

L ABC _ jBCx/i 
AA'B'C' _ 1B'C' x/i' 

BC 

“bc" 

A ABC \BCxh 
Also. AA'B'C' ~ IB'C' x h' 

h 

~ ht' 


if h-h'. 


if BC-B'C'. 
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EXERCISE 43. 

1. Find the ratio of ' * 

" (i) 12 inches to 15 inches, (n) 12 inches to 3 feet, 

(iii) 10 sq. ins. to 35 sq. ins., (iv) 48 sq. ms. to 1 sq. ft. 

2. Express the ratios (l) (i>) (in) as decimals 

correct to 2 places. 

3. Measure the lines A and B (i) in inches, ( 11 ) in ems , (ill) 
mms., and thus find the ratio of A to B. Express the answers 
decimals. • 

A-- 

B----- 

* I it. 151 

4. Find, by measurement, the areas of the rectangles A and B 
in sq. ins. and sq cnis , and thus find m two ways the ratio of A to B. 


A 


B 

: 



Fio 452. 

• • 

5. Find the values of a in the following proportions: 

to 7 • 10 i'x, 

(u) 3. x -12 20, 

(in) 4 : 5 - x : 15 

6. Find the values of x in the following proportions, and state 
in what unit v is measured • 

(i) 3 ft. 8 ft. -15 lbs :x, 

(u) x ■ 9 ozs, - 8 ins. : 3 ins , 

(in) 7 cu. ft. . 4 -=14 yds.: 10 yds. 

7. Write in the form of a ratio (l) 3 x 16=*6 x 8, (li) ab=cd. 

8. A line 7*5 cms. m length is divided internally in the ratio 
3 : 5 ; calculate the lengths of the segments. 

9. A line 5*2 inches long is divided externally in the ratio 3 : 7 
calculate the lengths of the segments. 

10. Calculate (i) a third proportional to 3 and 8, 

(ii) a mean proportional to 3 and 75. 


.s.s 





SIMILAR DIVISION 


229 


THEOREM 45. 

A straight line drawn parallel to one side of a triangle 
divides the other sides proportionally. 



Fig 453. 


Let ABC be a triangle and DE a line |j BC. We have to 
prove that AD:DB=AE:EC, 

AD AE 

or 

DB EC 

Proof. Suppose AD and DB are commensurable. Take 
any common measure of AD and DB as unit of length, and 
suppose AD contains m units of length and DB p units. 

Divide AD into its m units and DB into its p units, and 
through each point of divisiop draw parallels to BC. 

Then the parallels divide AE into m equal parts all of a 
certain length, and EC into p equal parts, each of the same 
certain length. 

AE : EC = «t : p, 
but AD : DB in : p ; 

.'. AD : DB ~ AE : EC. 
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THEOREM 46. 

If. two sides of a triangle are divided in the same ratio, 
the straight line joining the points of section is parallel to 
the third side. 



Fig. l.'.l 


Let ABC be a triangle having its sides cut by PQ so that 
AP : PB - AQ : QC. 

We have to prove that PQ is j| BC. 

Proof. Suppose PQ is not parallel to BC, and if possible 
let PX be parallel to BC. 

Then AP:PB-AX:XC, 

but’ ' AP : PB - AQ : QC ; (Hypoth.) 

AX : XC - AQ : QC, 

i.t. AC is divided internally in the same ratio at two points, 
and this is impossible. 

PQ must be parallel to BC. 



LINES IN GIVEN RATIO 
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CONSTRUCTION 16. 

To find a fourth proportional to three given atraight 
linea. • C 

Let AB, BC, AD be the g 

three given straight lines. \ 

Construction. Place them \ 

as in the figure, with the first ^ D K 

two in the same str. line. h... r:,;,. 

Join BD, and draw CK || BD to meet AD produced at K, 

Proof. Then AB : BC - AD : DK. (BD || CK) * 

Hence DK is the required Fourth Proportional, 

If BC and AD are equal, then DK is the Third Proportional 
to AB, BC. 


CONSTRUCTION 17. 

To divide a given straight line, internally or externally in 
a given ratio, e.g. 3 :2. 


A X B A B X 

Fig. 4l><! 

Let AB be the given straight line which is to be divided 
internally or externally in the ratio 3 : 2. 

Construction. Draw AP of indefinite length at any 
convenient angle to AB. 

Cut off AC =3 units and CD =2 units, CD being a continua-. 
tion of AC for internal division, and overlapping AC for 
external division. 

Join DB and draw CX j| DB, meeting AB,or AB produced at X. 

Proof. Since CX || DB, 

AX : XB-AC:CD-3:2. 
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EXERCISE 44. 

1. Draw a line 3-2 inches long,*and divide it internally into two 
parts in the ratio of 3 to 5. Measure the parts. 

i. 

2. Divide a line 4*7 inches long internally into two parts pro¬ 
portional to 2 and 7. Measure the parts. 

3. Divide a line 6*2 cins long internally into two parts proportional 
to the lengths of A and B. Measure the two parts. 

A- 


r B- 

tic. 457 . 

4. Divide a line 4*3 cins long externally in the ratio of the lengths 
of A and B, and measure the parts 

5. Draw a line of length (i-7 uns , and divide it externally in the 
ratio 5 : 3. Measure the parts. 

6. Draw a hue 11*2 t ins long, and show how to cut off one- 
seventh part 

7. Draw a line 8*7 t ms. long, and cut off two-fifths of it. Measure 
this part. 

8 Divide a line AB, 4*7 mis. long, internally at P and externally 
at Q, ill the ratio 2.6. Measure the parts and show that PQ is 
divided internally at A in the same intio as it is divided externally 
at B. What is tins ratio } 

9. Draw a line 8*4 ems Ion?; and divide it into 3 parts pro¬ 
portional to 2. 3, and o. Measure the parts. 

10. Divide a line 4*8 inches long into three parts proportional to 
1, 3, and 5. Measure the parts. 

11. Construct the fourth proportional to 3, 4 and o, and measure it. 

12. Find, by construction, the fourth proportional to 4, 5 and C. 
Measure it. 

13. Construct the third proportional to 3 and 4. Measure it. 

14. Find, by construction, the third proportional to 4 and 5. 

15. If the sides of a rectangle are 4-2 and 3-4 cms., and another 
rectangle equal to it in area has one .side 2*7 cins., find its other side 
by construction. 

(Find a 4th proportipnal to 2*7, 4*2, 3‘4.) 

i 

16. ABC is a triangle and H K a line parallel to BC, meeting AB 
and AC produced at H and, K; given AB=3 cms., HB=5 cms., 
AK=4 cms., calculate KC. 
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17. P is any point between the arms of an angle XOY. Show how 
to .draw a line MPN terminated by OX and OY, such that t 

(i) MN is bisected at P, 

(li) MP : PN--5: 7. 

18. Draw a line through the vertex A of a triangle ABC so as to 
divide the area of the triangle in the ratio 2: 3. 

19. If AX : XB ~3 : 1 and AY . YC-4-1 (Pig. 4:>8). prove that 

* AABY : A ABC -4 5, 
and AAXY : AABY 3:4. 


A 



20. 0 is a fixed point, and a line OP (variable in dim turn) is 
drawn to cut a fixed line at P. Q is taken on OP such that the ratio 
OQ : Q,P is fixed; what is the lotus of Q, •* 

21. ABCD is a parallelogram and P a point on BD such that 
BP : PD = 3 : 5. Prove that AABP-- , of the parallelogram. 

22. If XY and AB arc two parallel lines, prove that 

AAXY . ij.ABX - XY : AB 

23. The side BC of an equilateral tnangh ABC is prodmed to D 
so that CD-BC Prove that the perpendiculars to AC, drawn 
through B and C respectively, trisect AD. 

24. ABCD is a parallelogram , E and F arc the middle points of 
AB and CD. Show that AC ls trisected by DE and BF. 

25. ABC is any triangle, and 0 n the centre of its circumscribing 
circle. From 0 is drawn a jnrpendicular to BC, cutting BC at D. 
From D is drawn DE parallel to BA, cutting AC at E. Prove that OE 
is perp. to AC. 

26. ABC is a triangle and D the middle point of BC. A point 
E is taken in AC, such that CE EA-2 : 1. If AD and BE cut at P, 
prove that AP=PD. 

(Draw DF || to BE.) 

27. Two circles ABP. ABQ intersect in A and B ; C is the point 
midway between their centres. If PBQ be drawn at right angles to 
C8, show that PB and BQ will be equal. 
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THEOREM 47. 

The bisector (internal or external) of an angle of a triangle 
divides the opposite side (internally or externally) in the ratio 
of the sides containing the angle bisected. 

H 



Kir. 4M. Fir. 400. 


(i) Let ABC tie a triangle, having AM drawn bisecting A 
internally or externally. 

We have to prove 

AB : AC = BM : MC. 

Construction. Draw BH parallel to MA, meeting CA 
produced or CA at H. 

In Fig. 459, let T be in AC, and Fig. 4G0, let T be in CA 
produced. 

Proof. MA and BH are parallel, 

A A 

AHB =TAM, (corresponding angles) 
and ABH =MAB ; (alt. angles) 

AHB = ABH ; 

.-. AB = AH. 

Now HA : AC=BM : MC, , (AM |j HB) 

.-. AB : AC»BM :MC. 

The converse of this proposition is also true and can be • 
proved with the same construction. 
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EXERCISE 45. 

1. Draw a triangle ABC with a - 4, 6=2, c -6 cms.; bisect the 
internal and external angles at A by AX, AY, meeting BC and' BC 
produced In X and Y. Measure BX, XC, BY, YC, and thence find the 
values of the ratios BX : XC, BY : YC. 

2. In a AABC. if AK bisects the angle BAC, K is on BC such that 
BK= 15 cms., KC=20 pus., and the angle A is a right angle, show that 

AB + AC-- 49 cms. 

3. Inscribe a A in a circle of radius 2*3 cms. such that the two 
segments into which the bisector of the vertical angle % dividcs the 
base are of lengths 1*5 cms kind 1*9 cms. Measure the two sides of 
the triangles, and show that there are two solutions. 

4. In a circle of radius 1*4 ins., inscribe a triangle, having its base 
2-5 ins. long, and the ratio of its remaining sides 2:3. Measure.the 
lengths of these sides. 

B. The side BC of a triangle ABC is bisected at D ; the angles 
ADB, ADC are bisected by straight lines meeting AB and AC at M 
and N. Prove that MN is parallel to BC. 

6. ABCD is a quadrilateral having AB AD. The angles BAC, 
CAD are bisected by lines meeting BC and CD at E and F. Prove 
that EF is parallel to BD. 

7. A and B are two fixed points, and a point P moves so that tho 

ratio PA : PB is fixed {Fig. 4(H). . . 
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Prove that the locus of P is a circle. 

(Taking any position for P, let the internal and external bisectors 
of the angle APB meet AB and AB produced in X and Y. Prove that 
X and Y are fixed points and that XPY is a right angle.) 

8. The internal and external bisectors of the angle C of a triangle 
ABC meet AB in D and E. If 0 is the middle point of AB, show that 
the square on OB is equal to the rect. OD . OE. 

9. A and B are two fixed points f» cms. apart, and a point P moves 
so that PA: PB=5 : 3. Draw several positions of P and thus con¬ 
struct its locus. Measure the diamcte^ of the circle obtained. 

10. AB is a diameter of a circle. C is any point on a chord PQ 
of tiie circle perp. to AB. AC and BC cut the circle in R and 8 respec¬ 
tively. Prove that PR : RQ=P8 : $Q. 
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SIMILAR FIGURES. 

Df.f. Two plane rectilinear figures are said tq be equi¬ 
angular if the angles of one taken in order are respectively 
equal to the angles of the other taken in order. 

Def. Plane rectilinear figures are sqid to be similar if 
(i) they are equiangular and (ii) the corresponding sides are 
in the same ratio. 

, In the case of triangles we shall prove that if one of these 
conditions holds then the other necessarily follows. 


R 



Thusif A = P, B-Q, C “R, D=S, E -T, 
and if ' AB : PQ ~ BC : QR - CD : RS --DE : ST -EA : TP, 
then ABODE, PQRST are said to he similar. 

Without considering the subject from a definitely mathe¬ 
matical point of view, the student probably has a very fair 
idea of the meaning of similar figures from the consideration 
of a lantern slide and its projection on a screen, and knows 
that if corresponding lines are not proportional, and corre¬ 
sponding angles not equal, then the picture shown is not 
a correct representation of the slide, but is a distortion. 

Cor. Figures which are similar to the same figure are 
similar to each other. 

For if P'Q'R'S'T' be any other figure similar to ABODE, 

AAA 

then p=A-=P', 

AAA 

Q ^B = Q', etc., 

PQ: QR = Ap: BC=P'Q': Q'R', 

QR : R8 - BC : CD = Q'R': R's', etc. 


and 
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THEOREM 48. 

If two triangles are equiangular, their corresponding sides 
are proportional, i.c. the triangles are similar. 

A A * A. 

Let ABC and PftR be two triangles, having A=P, 8-ft, 

A A 

and C=R. 

We have to prove 
AB _ BC CA 
Pft "ftR "RP* 

Proof. Apply ABC 
to PQR so that A coin- 

A 

cides with P, and BC 
takes up the position 
B’C’. ,IC ,<a 

V PB'C' - ABC = PftR, 



B'C’ is parallel to ftR ; 
PB' PC’ 

’• Pft" PR’ 

AB AC 
0F Pft “ PR' 


(iorr. angles) 
(similar div.) 


Similarly, by making B coincide with ft, it may be proved 
that AB BC 


Pft'ftR' 


The student must note carefully that if two polygons are 
equiangular, it does not necessarily follow that they are 
similar. 

If B’C' is parallel to BC, then the 
quadrilaterals ABOO, AB'C’D are obvi¬ 
ously equiangular; if the quads, were 
similar, then 

AB AB' 

AD ~ AD ’ 

* 

i.e. AB = AB', 

an obviously impossible result. 
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EXERCISE 46. 

* 1. Draw two triangles each hawing angles 40°, 60°, 80°, with the 
longest side 4 cms. in one and 7 cms. in the other. Measure the 
shortest sides, and verify that they are in the ratio 4 :1 

2. Draw two triangles each having angles 30°, 100°, 50°, with 
the side opposite the 60° 4 cms. in one and 5 cms. in the other. 
Measure the longest sides, and verify that they are in the ratio 4 : 5. 

3. A house casts a shadow 80 feet long and a stick 5 ft. high casts 
a shadow 4 ft. long ; find the height of the house. 

4. A mjn of 0 ft. is standing 6 ft. from a 
lamp-post, and his shadow is 9 ft.; find the 
height of the light above the ground. 

5. ABCD is a trapezium in which AB~1*5 cms , 

CD =*3-2 cms., and the distance between AB and 
DC=2 cms. If DA and CB produced meet at V, 
calculate the perp. distance of V from DC (Fig. 400). 

6. In Fig. 400, if VE - 2 cms, EF-3 cms, 
and DC-2*9 cms., calculate the length of AB. 

7. To calculate the breadth AB of a river, a distance BD along 
the bank is measured and found to be 72 yards, DE (at right angles 

A 


B 
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DEC 

Fig. 465. 


to BD) is 9 yards ; a post is placed at C, in BD. so that E, C and A 
are in the same straight line. On measurement, DC is found to be 
22 yards. Calculate the breadth AB, where AB is perp. to BD. 

8. B is a point visible but inaccessible from another point A, from 
which it is required to find its distance. A point C is taken 135 yards 
from A, and such that CA is at right angles to AB* Along BA produced 
E is taken, 80 yards from A. From E a line is drawn at right angles 
to EB, and a point F is taken on it such that F, C, B are in a straight 
line. It is found that EF is 150 yards long. Calculate the distance 


9. Find, to one place of decimals, the height of a cone whose 
slant side is 10 cms. and base-radius 3 cms. If the cone is inserted, 
vertex downwards, into a horizontal circular hole of radius 2 cms.. 
how deep will the vertex be below the plane of the hole ? 
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10. The Fig., which is not drawn to scale, shows the section of a 
roof and the beams supporting it. The span AB is 20 feet and is 


C 



1'io. 407. 


horizontal; the vertical post DC is 8 feet and rests on the middle 
point D of AB. A strut ED connects D to a point E of AC, which is 
0 ft. 6 ins. from A. A vertical post GE completes the left half of the* 
section. 

Calculate the length of GE and the distance GD. Hence obtain* 
the length of the strut DE. Verify your calculations by an accurate 
drawing made to scale. {Army ) • 

11. AOB, COD are any two chords of a circle ; prove that the 
triangles AOD, BOC are similar, and hence that AO . OB-CO . OD. 

12. ABC is a triangle, right-angled at A, and AD is drawn per¬ 
pendicular to BC ; prove that the triangles BDA and ADC are similar, 
and hence BD . DC- AD*. 

13. From an external point P a tangent PT is drawn to a circle, 
and also a secant PAB ; prove that the triangles PTA and PBT are 
similar, and hence PA . PB- PT*. 

14. ABCD is a cyclic quadrilateral and AB and DC meet when 
produced at 0 ; prove that the triangles OAD and OCB are similar, 
and hence OA . OB-OD OC. 

15. ABC is a triangle, and the bisector of A meets BC at D and 
the circumcircle at E ; prove that the triangles BDA, ECA are 
similar, and hence AB . AC--AE . AD. 

16. X, Y are points on the sides AB, AC of a triangle ABC such 
that XY is parallel to BC. BY, CX meet at 0, and a line through 
B parallel to CA meets CX produced in Z. Prove that OX. OZ^OC*. 

17. ABCD is a cyclic quadrilateral, E is a point on BD such that 

BAE=CAD ; prove that the triangles ABE and ACD are similar, and 
hence BA . CD=BE . XC. (See Qn. 30.) 

18. PQR, PQS are two triangles on opposite sides of the common 
base PQ. RS meets PQ, or PQ produced, at T. Prove that 

APQR: APQ8=RT:T8. 

19. Two given circles touch each 6ther internally at a point O. 
and from O a line OPQ is drawn, meeting the*circles in P and Q, 
Prove that the ratio OP : OQ is constant for all portions of this line. 
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20. OA is a fixed chord of a circle,, and OB a variable chord. The 
line through A parallel to the tangent at 0 cuts OB in C. Prove 
that the rectangle OB . OC is constant. 

21» The angle C of a triangle ABC is a nght angle and CD is drawn 
perpendicular to AB. Show that AD : DB -AC*. BC*. f 

22. In Pig. 4<>K X'OX, Y'OY arc two straight lines at right angles. 
OA is equal to one unit of length ; OP, is equal to x units ; P,P, is 
perpendicular to AP, ; P,P S is perpendicular, to P,P„ and so on. 
AQ, is perp to AP, ; Q,Q, is perpendicular to AQ,, and so on. 

Show that QPa“**, OP*= t\ OP 4 v 4 , and so on ; and that OQp=^. 
•OQ, - OQa xi , and so on. {Army.) 
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23. The straight lines ABC and DE are parallel, and AB=BC. Draw 
BF parallel to CE anil BG parallel to AD, to cut DE in F and G respec¬ 
tively ; join AF to out BD in H and CG to cut BE in K. Prove that 
HK is parallel to DE. 

(Note that DF-GE.) 

24. ABCD is a parallelogram, P and Q are 1 the middle points of 
DC, CB respectively. AP, AQ meet DB in X and Y. Prove that 
BD is trisected at X and Y. 

(If the diagonals meet at 0, note that OP is || to AD.) 

25. The tangents to a circle at P and Q meet in T, and C is the 
centre of the circle. TC meeft> the circle at A and B, and meets PQ 
at X. 

Show that CX . CT=CA* and that AX : XB=TA : TB. 


Ex. 4«] SIMILAR TRIANGLES 241 

26. BX, CY, medians of a triangle ABC, meet at 0. Prove that 
they trisect one another at 0. 


27. The rough sketch ABCDE o^Fig. 401) is a section taken length¬ 
wise through the middle of a 


swimming bath. Find the area of 
the sectioif m square feet from the 
formula 

Area ~[p(x i \) + q{y-\ •?)] 2, 
where 15 ft., q ft, 

*=3J ft, y=fl ft. * -3J ft. 

If the floor DC had been con¬ 
tinued with the same slope down 
to K, what would have been the d 


A F E 



l‘K» 401). 


epth AK ? (.1 mmv ) • 


28. Draw a circle to touch two converging lines AX, AY and to pass 
through a given point P. 



(Taking any point R on the bisector of the angle XOY, draw a circle 
with centre R to touch AY, at M Join AP meeting this circle 
at D. Through P draw PO parallel to DR. Draw ON perp. to AY. 
Prove ON=OP.) 

29. ABC is any triangle. Show how to inscribe a .square PQR8 
in the triangle so that P lies on AB, Q, on AC, and the side RS on BC. 



B S M R C 

Fic 471 • 


(Draw AM perp. to BC ; AD perp. to AM, so that AD -AM. Join 
BD, cutting AC at Q. Draw QP |j to CB. Prove <jiR=PQ.) 

B.S.G. Q 
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^0. ABCD is a cyclic quadrilateral. Prove that 

AC . BD=AD . BC+AB . CD. (Ptolemy’s Theorem.) 

(If E is a point on BD, such that angles BAE, CAD are equal, prove 
that the A'BAE, ADC are similar, and also the A'ADE, BAC. See 
Qn. 17.) 

31. If ABC is a triangle, AD perpendicular to CB, and AE fhe 
diameter of the circums« ribing circle, prove that AB AC=AD . AE. 

(Prove that the triangles ADB and ACE are, similar.) 

• 32. If the internal bise< tor AD of the angle A of the triangle ABC 
meets BC in D, piove that AB AC BD DC f AD a 

(If AD meets the ciriumurcle in E, prove that the A'ABD and 
AEC are similar.) 

33. If the external bisector AE of the angle A of the triangle ABC 
meets BC pnxlueed in E. prove that AB AC BE EC - AE*. 

(If EA produced meets the circunuirde of ABC in F, prove 
that the A'AFB, ACE are similar ) 

34. Prove that, if ABC is an equilateral triangle and P any point 
on the arc BC of the circumscribed circle, then PA-PB + PC. 

35. If three points X, Y. Z, lvmg on the sides of a triangle ABC, or 
the sides produced are lollmear, prove that 

AZ.BX CY BZ.CX.AY. (Mcnelaus* Theorem.) 

(Draw BH || AC meeting XYZ in H ) 
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THEOREM 49. 

• 

If two triangles have their sides proportional, they are 
equiangu lar , those angles being equal which are opposite 
to-corresponding sides, i.e. the triangles are similar. 

Let ABC, PftR be 
two triangles, havidg 

AB = PQ 
AC ~ PR' 


bc“qr’ 

AC PR 

BC ”ftR 1,0 < 72 

We have to prove that the triangles are similar. 

Construction. Along AB, produced if necessary, lake Aft' 
equal to Pft. 

Draw ft'R' || BC, cutting AC at R'. 



Proof. The A'Aft'R’, ABC are equiangular; 


But 


and since Aft' =Pft, 

Similarly, 

and since ft'R'-ftR,' 


ft'R' BC 
‘' Aft' " AB' 
QR^BC. 
Pft ” AB ’ 
Q'R’_QR. 

" Aft'"Pft’ 
ft'R'-ftR. 
ft'R'_BC_ftR. 
R'A ~Ca“rR' 
R'A=»RP; 


(Hypoth.) 


A AAft'R' =. APQR. (3 sides) 

But A'Aft'R', ABC are equiangular, 

A'PftR, A8C ar^equiangular and similar. 
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THEOREM 50. 

If two triangles have one angle of the one equal to an 
angle of the other, and also the sides about the equal angles 
proportional, the triangles are similar. * 

AB PQ a a 

Let ABC, PQR be two triangles, having AC “ ^ and A =P. 
■ We have to prove the triangles are similar. 



Construction. Along AB, AC, produced if necessary, take 
. . AQ' = PQ and AR'-PR. Join Q'R'. 


Proof. 


Since AAQ'R' r A PQR ; (2 sides and inc. ang.) 


AQ' PQ AB . 

" ar' ~ pr“ac' 


(Hypoth.) 


Q'R' is parallel to BC ; (sirn. division) 

AAA * 

.'. AQ'R'=ABC, AR'Q'=ACB; (corr. angles) 
f.e. PQR “ABC, PRQ *=ACB. 

Thus the A* ABC, PQR are equiangular ; 

/. they are similar. 

Ex. If the ratio of two sides of one triangle equals the 
ratio of two sides of another triangle, and if the angles 
opposite to one pair of these sides are also equal, prove that 
the angles opposite the other pair of sides must be either 
equal or supplementary. 
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THEOREM 51. 

• 

If a perpendicular is drawn from the right angle of a 
right-angled triangle to the hypotenuse, the triangles on each 
siae of the perpendicular are similar to the whole triangle 
and to one another. 

Let ABC be a ’ right-angled 
triangle, with a right angle at C. 

If CD is perp. to AB, it is re¬ 
quired to prove that the A'ACD, 

CDB, ABC arc similar. 

Vroof. (i) In the A'ACD, ABC, 

ADC 90° - ACS, 

A 

CAB is common; 

it follows that the third angles ACD, CBA are equal, and the 
triangles are equiangular and similar. 

(ii) In the i.'CDB, ABC, 

CDB = 90° = ACB, 

CBA is corjimon ; 

.’. the third angles BCD, CAB arc equal, and the triangles 
equiangular and similar. 

(iii) Since the A’ ACD and CDB are equiangular to 
the AABC, they are equiangular to one another, and 
consequently similar. 

Cor. 1. The square on the perp. CD is equal to the reel. 
AD.DB contained by.the segments of the hypotenuse. 

For since the A’ACD, CDB are similar, 

CD : AD = DB ; CD, 

CD 5 = AD . DB., 

Cos. 2. The square on either of the sides containing 
the fight angle is equal to the rectangle captained by the 
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hypotenuse and the segtnent oj the hypotenuse adjacent to ' 
tfiat side. 

Since the A'ACD and ABC are similar, 

AC: AD=AB: AC, i.e. AC 2 = AD , AB» 

Similarly, it may be shown that 

BC 2 -BD . BA, 

11 follows that AC 2 t BC 2 AD . AB V BD . BA 

= AB (AD + BD) 

= AB 2 , 

the well-known theorem of Pythagoras. 

CONSTRUCTION 18. 

To find a mean proportional between two given straight 
lines. 

.Let AB, BC be any two straight lines 
It is required to find a mean 
proportional between them. 

Construction. Place the lines in 
one and the same straight line. 

On AC describe a semicircle. 

Erect BN a perpendicular to AC. 

Join AN and CN. 

Proof. ANC being the angle in a semicircle is a right 
angle, and NB is perp. to AC, 

.'. the A’BAN, BNC, NAC are similar. 

Because the A'BAN, BNC are similar, 

,-. BA : BN - BN : BC, i.e . BN 2 = BA . BC, 
or BN is a mean proportional to AB and BC. 

As we have already seen in the corollaries to the previous 
theorem, if the two lines are AB and AC, then, 

AN 2 - AB . AC. 

and AN is a mean proportional to AB and AC. 

Similarly CN is a-mean proportional to CB and CA. 

This construction is that employed for describing a squat* 

equal in area tp a given rectangle (page 221). 



A b c 

Fio. 476. 
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EXERCISE 47. 

% A 

1. Draw the two triangles A -40°, 6~3, c=4, and A'-iQ 0 , 6'»6, 
c'=8. Measure the third side m each case; verify that one is 
double tlfe other, and say why. 

i 

2. Draw two triangles with sides 2, 3, 4 and 4, 6, 8. Measure 
the greatest angle m each case, and explain your result. 

3. By drawing a’hne AB 7-5 ems, and cutting off AC-2 cms., 
find by construction the square root ot 15. 

(Construct the mean promotional to 2 and 7*5 ) 

4. Find, by construction, the mean proportional to 4 and 5. , 

5. Describe a rhombus ABCD, each side of which is 2-04 inches in 
length, and two opposite angles BAD, BCD each 35°. Join the? 
diagonals AC, BD intersecting in O- Find the length of a mean 
proportional between AO and BD. 

6. The diagonals of a quadrilateral ABCD meet at H, and 

AH BH-DHCH, 

prove that the angles BAC, BDC are equal, and that the quadrilateral 
is cyclic. 

7. In a triangle ABC, AD is drawn perpendicular to BC, and AD 
is a mean proportional between BD, DC, i.c. BD . DA^DA: DC; 
prove that A is a right angle 

8. ABCD is a quadrilateral; H is a point in BD- such. that 
AB : BD = CH : HB and AD • BD--CB . HB ; prove that AB, HC and 
AD, BC are pairs of parallels. 

9. P, Q, R are three collmear jwants , QH, RK arc parallels and 
PQ : QH = PR : RK ; prove that P, H. K are colhncar. 

(Prove that PQH, PRK are similar and equiangular.) 

10. 0 is any point inside a triangle ABC , in OA, OB, OC points 

D, E, F are taken such that OC ' provc that the 

ABC, DEF arc similar. 

11. ABC, PQR are similar triangles; D is a point in BC, and 8 is a 
point in QR, such that BD : DC^QS: SR. Prove that the angles 
ADB, PSQ are equal! 

12. In the triangle PQR, PQ- PR, and the bisector of the angle 
R meets PQ at 8; ABC is a triangle in which AB=AC»P8, 
and BC=QS; prove that the tnangie ABC is similar to the 
triangle PQR. 

13. B is the middle point of a straight line ABC, and E the middle 
pomt of a parallel line DEF; prove that AD, BE, CF will meet in a 
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1*4. The base BC of .an isosceles triangle ABC is produced both 
ways to D, E. Show that if AB*~~DB . CE, the triangles EAC, AQB 
arp equiangular. ^ 

15. P is any point on a given < ircle, with icntre C. 0 is any fixed 
point*outside the circle. OC is produced to D. a fixed point, and OP 
is produced to Q, so that OQ OP OD OC. Show that as P movqs 
on the given arc le, Q moves on another c ircle, whose centre is D. 

16. A and B are the centres of two circles, and C is the point 
which divides AB tn the ratio of the radii. A straight line drawn 



Ik. -47(1. 


through C meets the two (trcles at P and Q as in the figure. Prove 
that PQ is divided m the ratio of the radii, and that the tangents to 
the circles at P and Q are parallel 

A A 

17. ABCD is a c|uadrilateial in which A CBD ; P is any point 
in AB, and CB BD PA . AD , prove that BAD is similar to CPD. 


/a 

!Oj 
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NOTES ON S1MJLAR POLYGONS. 

1. Given any rectilineal figure, ami a finite straight'line 
parallel Jo one of its sides, it is always possible to describe on 
The given line another rectilineal figure similar to the first, 
such that the joins of corresponding vertices arc concurrent, 
and the corresponding sides are parallel. 



Fig. 477 


Let ABCDE be any rectilineal figure, ab any finite straight 
line parallel to AB. 

Join A a, B b, meeting at 0. 

Join OC, OD, OE. 

Draw be, cd, de parallel to BC, CO, DE, and join c to a. 

We have to prove abide is similar to ABCDE. 


Since 


AB Oh 
ab Oa 


OB OC OD OE 
Ob 0 c Od Oe' 


OA OE 
Oa Oc ’ 


i.e. ea is Ij EA. 


ABCDE and abede have all their sides respectively 
parallel and are consequently equiangular. 

a, .■ , CD OC CB 

Also any ratio such as . «= - = ,. 

J cd Oc cb 

Thus the corresponding sides have the same ratio. 

Thus abede is similar to ABCDE, ’has all its sides parallel to 
the corresponding sides of ABCDE, and is such that the jcins 
of corresponding vertices are concurrent. 



280 SHORTER GEOMETRY 

If ab is placed along AB in the position Ab, and the point 0 
taken at A, then, by drawing be parallel to BC, ci parallel to 
CO, and it parallel to DE, it follows from the above that 
Abode is similar to ABODE. 

D 

E 


A I, B 

Fig. 478. 

• 2. Any two similar rectilineal figures can be placed in an 
infinite number of positions, with their corresponding sides 
parallel; and when in any such position the joins of their 
corresponding vertices must be concurrent. 

D 


C 


A B 

Fig, 470 

Let ABODE and a'b'c'd'c' be any two similar rectilineal 
figures. 

Take a line ab=a'b', parallel to AB and near it. Join 
A a, B6, meeting at 0, Join OC, OD, OE, and make be, cd, 
it, ea || BC, CD, DE, EA as in Note 1. 

Then abode is similar to ABCDE, 

and ,\ abode is similar to a'b'c'd'c'. 

Also ab~a'b', abode ■ a'b'c'd'c'. 

Hence a'b'c'd'c' may be turned over and placed in the 
position abode. 

Cor. Since any pair of triangles such as OBC and Obc are 
similar, it follows that if afty rectilineal figure is divided into 
triangles by lines joining a point to its vertices, any similar 
figure can be divided into corresponding similar triangles. 







SIMILAR POLYGONS 


2S1 


EXERCISE 48. 

1. Describe a triangle ABC with a--5, b~7, c*s 8 cnn., and inscribe 
an equilateral triangle in it, with one side parallel to the longest 
side. Measure the sides. 

• (Draw any line DE || to AB, meeting CA. CB in D, E respectively. 
On DE describe an equilateral ADEF. Produce CF to meet AB in P. 
Draw PQ, PR || to FD, FE. Join QR. PQR is the required triangle.) 

2. Inscribe in a given triangle another triangle having its sides 
parallel to three given directions. 

3. Show how to draw a quadrilateral similar to a jjiven quadri¬ 
lateral, but having each side half the original length and having one 
side passing through a given point. 

4. Describe a triangle a -f>, b~l. c-= 9. Draw near C a line 
parallel to AB cutting AC, BC at P, Q On PQ describe PQR8 a 
square , join CR, CS, meeting AB in M, N. On MN draw a square 
having its other angular points on AC, BC Measure its side. 

5. In a pentagon, sides 4 ems long, inscribe a square having two 
sides parallel to a given side of the jxmtagon and one angular point 
on each other side. Measure its sides. 

(Use a method similar to that of Qn. 4 ) 

6. Draw a sector of a circle with radius 5 cms. and angle 50®. 
In it inscribe a square with two angular points on the radii and the 
other two on the arc. Measure its side. 

7. Describe a semicircle with radius 2-2 inches. Inscribe a 

square within the semicircle, one side lying on the diameter, and 
measure its side. • 

8. Construct a tnanglc the sides of whic h are in the proportion 
of 5, 6, 7. and the radius of its circumscribing circle is 2 inches in 
length. Measure the sides. 

(Draw any triangle with its sides in the given ratios, and draw one 
of the radii of the circumscribing circle. Magnify the figure so that 
the radius becomes 2 inches.) 

9. Construct a triangle the angles of which are in the proportion 
of the numbers 1, 2, 3, and the radius of its inscribed circle one inch 
in length. Measure the sides. 

10. Draw a triangle ABC having i.B-27 0 , LC=44°, AB=4*7 cms. 
Using only geometrical means, construct a triangle similar to the 
triangle ABC, and having the sum of its sides equal to 12 cms. Measure 
the sales. 
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AREAS OF SIMILAR FIGURES. 

We-havc already seen that the areas of any two triangles 
•« with equal bases are proportional to the altitudes, ahd also 
• that if the altitudes are equal, then the areas are propor-' 
tional to the bases, We now come to the case of similar 
triangles. 

THEOREM 52. 


The areas of similar triangles are proportional to the 
Apiares on Corresponding sides. 



Let ABC, PQR be two similar triangles. 

A ABC BC 2 AB 2 


We have to prove 


A PQR 


QR 2 ° r 


AC 2 


PQ 2 ° r PR 2 ’ 


Construction. Draw AM, Ptf l"" to BC, QR respectively. 
Proof. The triangles AMC and PNR are equiangular ; 
they are similar. 


Hence 


AM AC BC , 
PN ~PR "QR ’ 1 


. aabc Jam .bc_bc.bc bc 2 

” APQR **|pN . QR QR . QR = QR 2 " 


Cor. In the case of similar poly¬ 
gons, since they may be divided up 
into an equal number of similar 
triangles such as OAB, Oab, it follows 
that the areas of similar polygons are 
proportional to the squares on corre¬ 
sponding sides. 
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FURTHER NOTES ON AREAS. 

1. If two triangles have one angle of one equal to one angle 
of another, then their areas are proportional to the rectangles 
•contained by the sides about these equal angles. 

A 

D 


B M C E N F 

I’ll. 4b-. 

A A 

Let ABC, DEF be the two triangles, having ABC^BEF. 

Draw AM, DN perp. to BC, EF respectively. 

Since the triangles ABM and DEN are equiangular, it follows 
that they are similar; 

AM_AB. 

•' DN ~ DE ’ 

iABC 1AM . BC AB . BC 
•' i.DEF ;DN .EF DE . EF' 

A similar result holds for parallelograms having one angle ' 
of one equal to one angle of another. 

2. If similar rectilineal figures arc described on the sides of 
a right-angled triangle, the area of the figure on the hypotenuse 
must be equal to the sum of the areas of the other two figures. 

Let ABC be a triangle right-angled 
at A, and X, Y, Z similar rectilineal 
figures described on the sides. 

By Cor. (page 252), 

Y CA* •, Z AB*. 

X^BC* aiK X BC 3 ’ 

Y f Z CA* +AB* 

•' X BC* 

But CA* + AB*=8C* ; 

/. Y + Z-X. 
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3.'. Describe a figure similar to a given rectilineal figure, 
and n times its area. 


O’ 



no <8i. 


* 

Let ABODE be the given figure. 

Construction. Draw a line XY one unit long, and produce 
to Z so that XZ = n units. 

On XZ describe a semicircle, and draw YM perp. to XZ 
meeting the semicircle in M. Join XM. 

From A draw AN at any angle, and cut off AP=XY and 
AQ-XM. 

Jofn PS, and draw QB' parallel to PB meeting AB produced 
in B'. 

Draw B'C' || BC, meeting AC produced in C', 

C'D' || CD, „ AD „ D', 

D'E' IIDE, „ AE E'; 

then fig. AB'C'D'E' = fig. ABODE x ». 

Proof. XM 2 -XY. XZ (angle XMZ =90°) 

Since fig. AB’C'D'E' is similar to ABODE, 

. fig. AB’C'D'E' AB' 2 AQ* XM> 

' ‘ fig. -ABODE. “ AB» " AP* “ 1 





INTERSECTING CHORDS 886 

Theorems 43 and 44 may be proved by the method of 
similar triangles. 

1. If two chords of a circle intersect at a point within 'the 
circle, the rectangle contained by, the 
segmcnh of the one is equal to the rect¬ 
angle contained by the segments of the 
other. 

Let AB, CD be* two chords of a circle 
intersecting at E : we have to prove that 
AE . EB=CE .ED. 

Construction. Join AC, BD. Vw. *84. 

Proof. CAB ---CDB (angles in same segmenf) 

CEA « BED, (vertically opposite) 

,,'AEC, BED are e(|uiangnlar and similar ; 

AE : EC =• ED ; EB, .'. AE.EB-CE.ED. 

2. If from a point without a circle, a secant and a tangent 
to the circle be drawn, the rectangle contained by the whole 
secant and the segment of it without the circle is equal to the 
square on the tangent. 



Let ET be a tangent to the circle and EAB a secant; we 
have to prove that 

EA . EB -ET*. 

Construction. Join AT, TB. 

A A 

Proof. ETA - ABT, (angle in alt, segment) 

A 

TEB is common, 

A'TEA, BET Ire similar ; 

EA : ET -ET : EB; EAr.EB-ET*. 
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EXERCISE 49. 

*1. A map is drawn on a scale tf 2 inches to the mile. If the 
area of a county on the map is 2-5 sq feet, what is the actual area of 
the ct/unty ? 

2. The area of the plan of a field is 20 sq. inches, and it is drawrf 
to a scale of 2 indies to a mile. What is the real area of the field ? 

3. - If the corresponduig sides of two similar triangles are 2-3 cms. 
and 3-2 cms. in length, what is the ratio of the areas of the triangles? 

4. The aiea of one of two similar triangles is 0 tunes the area 
of the other, and a side of the latter is 2-7 (ms in length. Calculate 
the length ot the corresponding side of the first triangle. 

5. Construct a triangle ABC such that BC 8 cms., CA--5 cms., 
AB -7 cms. 

Find a point D in BC, such th.it if DE be drawn parallel to CA to 
meet AB in E, the area of the triangle BDE shall be half that of the 
triangle ABC. Measure BD 

(Find D such that DB . BC 1 . v’2 ) 

6. Draw a triangle ABC smh that AB 2 cms, AC=3cms., 
BC =4 cms. On AB and AC produced, take points D and E, such 
that AADE - 9AABC 

Measure the length of the perpendicular from A to DE. 

A A 

7. Tw'O triangles ABC and DEF are such that B -E=32*, 
AB -3 cms, BC-f> cms , ED I cms , EF~7 cms. What is the 
ratio^nf the Jtreas of the triangles ? Draw the triangles, and measure 
the lengths .of the perpendiculars from A and D on to BC and EF 
respectively. What is the ratio of these perpendiculars ? 

8. Construct a triangle with sides 3-2, 2 3 and 41 cms. long; 
then construct a similar triangle three tunes its area, and measure 
the length of the sides. 

9. If ABC is a triangle and DE be drawn parallel to BC meeting 
AB and AC m D and E respectively so that AD ]AB, find the ratio 
AADE : A ABC. 

10. If ABC is a triangle right-angled at A, and a line be drawn 
from A perpendicular to BC, show that the tnangle ABC will be 
divided mto two triangles which are to one another as AB*: AC*. 

11. AB and XY are two chords of a circle intersecting in a point 
0 external to the circle. Trove that 

AOBY : AOAX -BY*: AX*. 

12. AD and BE are the perpendiculars on the sides BC, AC of the 
triangle ABC ; prove that the triangles CDE, ABC are in the ratio 
of CD* to CA*. 
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13. Prove that the areas of two similar cyclic polygons are in the 

ratio art the squares of the corresponding diameters of tho circum- 
circles. • 

14. TP, TQ, are tangents to a circle at any points P, Q, and-0 is 
the centre* and the straight lines OP, OQ. PQ are drawn. Prove that 
t)je area of the tnangle OPQ : the area of the triangle TPQ-square 
on OP : square on PT. 

15. Two circles with their centres at X and Y touch externally 
at A; any straight lflic through A meets the circles again in B'and 
C. Prove that the triangles ABY and ACX are equal in area. 

16. Draw a circle with radius 4 ems, and then draw two more 
concentric circles which divide the area of the onginaLcirde into , 
three portions of equal area Measure the two radii. 
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17. Describe a rectilineal figure similar to one figure X and equal 
in area to another figure Y. • • 



Fio. 488. 


(Reduce the figures to squares whose sides are * and y respectively ; 
if AB is one of the sides of the first figure, draw AP at any angle and 
mark off AQ=*. AR=y ; join QB, and draw RB' t parallel to QB ; then 
B' is one of the comers of the required figure. 

new figure=Y.) 


B.9.G. 


R 
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18. Construct a regular hexagon equal in area to an equilateral 
triangle of sides 1*5 inches. Measure its sides. 

19. Construct a rectangle with its sides in the ratio of 2 to 1 and 
whose area is 5*2 sq. inches. Measure the sides. 

• 20. Construct a triangle with sides 3, 4. 6-2 cms., and another wjth 
sides 3*5, 4-5, 5-8 cms, Make a triangle similar to the first and equal 
to the second, and measure its sides. 

21. In any AABC, if X. Y, Z are points on \hc sides, or sides pro¬ 
duced, such that AX, BY, CZ arc concurrent, prove that 

BX . CY . AZ CX . AY . BZ. (Ceva’s Theorem.) 




PART I. 

Exercise 3. (Page 11.) 

1. 1 rt. L. 2. ' rt _ 3. ’ rt _ 4. 2 it. 7.’. 

5. IS tt 6. S rt . 7. I rt - 8. :] rt. 

Exercise 4. (Page 14.) 

1. AB 1-2(1, BC---2 58, CD -1-23 AD 3 - 05 . 

2. AD-5-75 ; AC 4-5; AB .2-28. 

3. 0-5; 1 ; 0-5; 2. 4. 2-3, Is. 0-9. 

8. 8-5 cm ; 3-3 ms, 7. 8 9 ( ms , 3-r> ms. 

8. BD-DC-2-2 cms. ; CE-EA 1-5 rim . AF FB 2-1 ran.; 
QD=»OA= 1-0 rats : GE- SBC I-3 tins , FG lGC-l-1 nm. 

9. 7 miles. 10. 2 inches 12. 1-53 ms. 

13. 3-0 cms. 14. 3-15 tins. 

15. 4-0, 5-3, 4-7 cms. 16. 1-2(1, 2-UH. 1-00 ms. 

Exercise 5. (Pige 18.) 

1. AOB=18s ; BOC = 38“. 2. BOC 30“. COD.-.2B”. 

3. COD=25°; DOE 70." 4. DOE 7(1“ EOF--3l{\ 

5. AOD = 78.V'; DOF=10li 6. AOC---MJ' : COF=126j‘. 

7. AOE=148.r : EOF-31 V. 8. AOB=l«r ; BOF=183-5‘. 

9. 63®; 83°; 2-7 cms. 10. 137°; 27°; 2-4 cms. 

It. 119a°; 38.' ; 3-0 cms. J2. 86“ ; 58”; 3-7 cms. 

IS. 33“ ■ 33”. 14. (i) 90“, (n) 128“; (in) 180”: (iv) 210”. 

15. 128“ ; 84“; 128”. 18. 47“; 60“ ; 77’. 

i 
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17. 42° ; 57°; 81°. 18. AD=5-6 miles, BAD=52°. 

19.*2-6 ins. ?0. AQ-1-45 ins., QAB=21°. ’ 

22. OA'-OB OC -3-3 cms.; OX 0-4 cm. , OY-1'9 cms. ; 

^ OZ-2'5cms. 

• 23. *8-3, 8'0, 8-8, rj-4, 4-3, 3-8, 3m cms. 

• Exercise 6. (Page 22.) . 

1.-23 0 . 2. 911°. 3. 3-8 cms. 

• 4. 2-1 cms ;*1'() uns 6. Hums , 0-08 ins. 7. 2-27 ins. 

*8. HI ms.'82’ 10. OB OC .3-29 ins. 13. 75°, 118°. 

}5. 3-5 cms , Hli ms 16. 3-0 crus 17. 2-3 ins. ; 45°. 

18. Wilt. 19. AC 150 ft.. AB 155 ft. 20.150 ft. 

Exorcise 7. (Page 25.) 

1. 38’, llltr. 228’, 11 O’, 1124’, 272’. 

2. 135°, 315°, 225 , 1571", 112? . 337 J . 2471, 22( , 130°, 220°, 

311°, 312°. 

3. (i) 73". 27 ,111 . 71 . (ll) 347 , 87’, 287 , 3(17°. 

4. 5 miles. 323”. 5.127° 6.223°. 7.21)1. 

8. 45°, 225° . 3470 vds 9. 1060 jrls. , 175.1 . 

10. 108°, 1(14 ’ , 87(1, 670 yds 11. 65 yds. 12. 770 yds. 

Exercise 8. * (Page 28.) 

1. 5-00 miles 2. 17 8 miles . N 35.1 K. 3. 11-1 miles. 

4. 532 yds. 5. 281 . 6. 325 it. 7. 9-79 miles. 

8. 10‘4 ft. 9. 154 (t 10. 24-5 (t, 11. 8-13 miles. 

12. 12-4 miles ; S. 3ol W. 13. 14-2 miles. 14. 14-0 miles. 

16. 171 ft. 16. 536 (t. 17. 245 ft. 18. 87-2 yds. 

19. 24'8 yds. 20. 42-2 It. 21. 17-1 mdes. 

22. 648; 1340 yds. 23. 291 ft. .24. 105 (t. 

26. 13-4 ft. 26. 27-0 miles. 27. 332 ; 372 yds. 

28. 1480 yds.; 352°. 29. 10-2 yds. 30. 73-7 It. 

Exerciser 10. (Page 45.) 

10. 63', 42’, 42*. 631. 

19. Each 90°; 5,- 8-7 cms. 
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Exercise 11. (Page 48.) 

1. 3-8... cms. 2. 1-58... ins. 3. 3-89 ins. 

4. 3-1 ins. 6. Each 1-7 cms. 

6. AR-RC-2-3 cms.; AS SB---1-9 cms. 

7. 8-2 cms. 8. 7-2 cms. 

Exercise 12. (Page 51.) 

9. (90-a)“. 10. 15° 12. 78”. 

13. 80”, 100”. 15. HO”. 150”, 70”. 17. 33”. 

19. 114”, 124”, 122”. 20. 5(1”, 42”, 82”. 21. 70”, 43”. 

22. 98”, 40”, 8”, 82”. 23. 9-2, 1(1-8 cms 24. 145”, 105?. 

Exercise 13. (Page 55.) 

5. (I, 6. 12 7. 10. 8. 60", 80”, 100”, 120”. 

9. 85°. 10. 7. 11. 120”. 12. 36”, 108”, 36”, 36”. 

Exercise 14. (Page 58.) 

I. 2-3 cms. ; 94", 45”. 2. 7 cms. ; 30”, 8K" % 

3. 3-3, 3-7 cms. , 5. 70”. 70", 90”, 00”. 

26. PQ -1 inch 

Exercise 16. (Page 66.) 

1. 70”. 2. 63". 3. 19“ 4. 45”. 

5. 65", 65” or 50”, 80”. 6. 74”, 100”. 7. 45" 

8 . 70”, 40”. 9. 3-1 cms. 10. 39”. 

II. 17", 3 1 eras. 24. 61 ms. 28. 72” ; 64". 

27. (i) 60"; 60“; fn) 51;' ; 64= ; (in) 46"; 07 J . 

29. 15”, 15", 20", 20", 55”, 65". 30. MKA=3MCA. 

Exercise 17. «(?age 68.) 


1. 22”, 38”, 120”. 
5. 80" ; 4-3 cms. 


2. 28”, 44”. 106”. 

6. 1-3, 1-8. 2-1 cms. 



IV 
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Exercise 18. (Page 72.) 

•*» 1. 12cms. 2. 7*4 cms.*; 00°. 3. 5*f» cms. 

s Exercise 19. (Page 77.) 

1. (l) 4*9, 7*5 cms.; (u) <M cms. ; (in) impossible 

2. (i) 0-7. 5-4 tins , (u) 3*1 cms.; (m) impossible. 

3. (l) i*4, 10*9 cms. ; (ii) (>*1 cms ; (m) impossible. 

« 0. 2-4 cms. # 5. 2-7, 8-9 cms.; c- 4*9 cms., A -90*. 

6. B, 3*3 cms ; 08°; 2*3, 0*3 cms 

7. 9*0, 4*8, 2*5, 2 cms. 8. Each -J. 

Exercise 20. (Page 84.) 

1. 3*8. 2. 2*7, 4*3 , ratios equal 3. 2*9, 4, 4. 

4. 3-0. 5. 3*2, -I 7, '.III*. 6. 10. 7. 27.5 . 275 . 

8. 2, 2, 2. 9. 29" 10, 3, 1-5 in'. 11. 1-97 U1S. 

12. 1-9 ins. 13. 25". 1-4 ms 14.4 8 ms. 15. 7-8, 10-9 ins 

16. 4 4. 17. HO5 , till" 18. 10-7. 19. 8-5. 

20. U-4. . 21. 2'8. 1-8 ms. 

22. (i) 1100, 8181 yds , (») 1320. 1249 yds . (m) 430, 51(1 yds.; 

(iv) 300, 330 yds. 

23. 2*6 ins. 24. 13 0 ms., 5 ins 

Exercise 21. (Page 90.) 

1. 30°, 94°. 2. 19°. 99?> \ 3. 4-5, 6-8 cms. 

4. (i) b, a, c ; (ii) c, a, b ; (m) a, c, b , (iv) a, c, b. 19. 13 cms. 

Exercise 22. (Page 99.) 

1. AO~CO=2*8 ins.; B0=D0^1*2 ins. 

2. AC--DB-9*2 cms. ; AD = 15-3 cms. ; MC~MB=3 cms. ; 

MA=MD=7*8 cm9. 

3. 1*7 ins., 2 ins. 4. 3*6 : ns. 5. 2*0 ins. 

8. 70°. 110°; 4*3 cms. 7. 21, 4*4 cms. 8. 4*8, 10*8 cms. 

9. 6*9 cms. 13. Each=1*9 ins. 25. 64°. 
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Exercise 23. (Page 106.) 


1. 34”, 65”, 


2. Otfl inch. 

3. 4-6 cms. 

4. 5-3, 5 0, 3-9 cms. 

• 

5. 2-9, 64, 5-7 cms. 

6. 14 cms. 



Exercise 25. (Page 115.) 


4. 44 cms. 


5. 7-1 < ms. 

6. 4-9. 

7. 1-9 ; 21, 2 » 


8. Hi 

9. 5-2 cms. 

15. 5-0, 8 0 cms. 


Exercise 26. (Page 125.) 


1. 171 sq. cms. 


2. 10 4 , 4-6. 

3. 44, 7-3 cms. 

4. AC -1'7 or 4-3 ins 

, area ■= 1*8 sq. ins. 

* 

5. 19 4 ; 3 2. 


6. 11 *5 sq cms 

7. 84 sq. ins. 

8. 3-5, 10 6 cms. 


9. 19-7 cms. 

10. 8-9 sq. cms. 

11. 5-7, 7 4 cms. 


12. 22-2 sq. cms 

13. 7-2 cms. 

14. 6*3, 114 cms. 


15. 8*8, 10-9 cms. 

16. 22*5 sq. cms. 

17. 15 sq. cms. 


18. 21 sq uns 

19. 20-25 sq. cms. 

20. 40-04 sq cms. 


21. 108 sq. cms. 

22. 212 sq. cms. 

23. 300 sq. ins 


24. 158 sq. ins 

‘ 

25. 1013 sq. yds ; 

806 sq m ; £6,200 sq links 


26. 6 , 8 cms. 


27. 10,000 v] yds. 

28. 624 sq. cm«. 

29. 64 sq. ins. 


30. 2-5 cms. 

31. 49-7 sq. cms. 

32. 1-85 cms. 


33. 20*7 sq. cms 

34. 44-8 sq. cms. 

35. 5-2 cms. 


36. 3-2 cms. 

37. 3-7 cms. 

39. DE=3-9 cms.; 

EC 

=4-2 cms. 

40. 4*7, 114 cms. 

41. 7-2 cms. 


42. 5 cms. 


43. 6 cms. 


44. 1-4, I K, 2-2 ins. 


Emrriie 27. (Pag* 138.) 

1. (i) 7-8 cms.; (li) 6 ctm.. (ui) 7-1 It. 

2. (i) 6 cms.(ii) 7-2 cms.; (iii) ff 3 cms. * 

3. 8-2 ins. 4. 18 ft. 4.! ins. 6. <318, 9 M, S-29, 8-08. 
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6.7*131. 7.3-32. 8. 3 ins. 9. 85-9 ft. . 

10. (l) 21 It. 1 in.; (ii) 17 ft.; (in) 22 ft. 2 ins. • . 

11. fo-71 miles. 12. 4-24 miles. 13. 24 ins. ; 168 sq. ins. 

14. 62-09 sq. ins. 15. 15 ft. 16. 54-1 ft. 

47. ^0 ft. 18. 6-27 cms. ; 33 sq. cms. 19. 7-6 cms. 

20. 3-3 ins.; 4 0 ms. 21. 3-36 ins. , 

22. (i) J218 st). ft. ; (ii) 94-3 sq. ft. 23. 3-39 t ms.; 31-25 sq. ms». 
24. 7 ft. 25. 16-3 ft.; 13-1) ft. 26. 4-18 ins 

27. (i) 24-2 ft. ; (n) 23-4 ft. ; (in) 10-8 ft. 

40. 8-7 cms. ; 13-2 cms. 
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• Exercise 28. (Page 150.) 


1. 4 cms. 

4. 4-58, 4-33, 4 uus. 
7. 2-7 cms 
11. 5-4 cms ; (H)°. 

14. 2700 yds., 04°. 
16. 4-88 cms. 


2. 3*02 cms. 

5. 11 ft , 140°. 
8. 0*8 cms. 

12. 2*1 ms. 


3. 6*20 cms. 
6. 1*8 cms. 
9. 4-f cms. 

13. 8*8 cms. 


15. (i) 1*13 cms. ; (n) 0*50 cms. 


Exercise 29. (Page 159.) 

1. PAQ-38® or 102°; PSQ^TO 0 or 150°; PQ_ 3*0 or 4*8 cms. 


2. Kach-1*3. 

6. 1*3 ins. 

9. 2*3 ins. 

12 . 29» ', no.!’. 

14. 6, S 6, 10-8 miles. 


3. 55°, 110". 
7. 4*3 cms. 
10. 10-2 ms 
13. 2*2 ins. 
15. 320 yds. 


4. 40°, 100°. 

8. 4*2 cms. 

11. 3*2, 7*4 cms. 

16. 25 Chains. 


Exercise 30. (Page 167.) 

1. 2-2. 2. 4*5. * 3. B 70°. D 78*; cyclic. 

4. A=70i‘, Bc8l!’, C- 109'. , D-= 98! . 

5. 33". 10. 150". 27. Oill . 


Exercise 32. (Page 175.) 

1. 44, 22, 29-5 cms. 

2. 154 sq. ft. ; 227*07 sq. m.; 260*26 sq. cms. 

3. (i) 39*8 cms.; (ti) 31*8 ins.; (iii) 0*83 yd. 

4. (i) 5*64 yds. ; (ii) 4*32 m.; (iii^3*91 in^ 

5. 6111 yds. 6. 4|/{=4*37 ins. 7. 3249? mile*. 

8. <i>9|s=9*82 sq. ins .; (ii) 14 2 y?= 14*19 sq. ins. 

B.8.Q. S 
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9. 2787? sq. ft. 10. 114 sq.ft. 

11. (if 227] { = 227-1 sq. cms.; (ii) 107,',= 107-1 sq. cms. 

*12. 18 sq. ins. 13. 30828 sq. yds. 

14. 63 It. 15. 0-065 cu. cm. 

'*17. >(i) {] = 0-70 sq. ft.; ,'j =-0-21 sq. ft. 

(ii) Coloured, 2-28 sq. It.; clear -1-72 sq. ft. 

(iii) 0*285. 

Exercise 33. (Page 183.) 

1. 3-2 cms. 2. 2-1 cms. 3. 3-3 cms.; 40°. 

4. lfi0 o ; 108°. 6. 4-8 cms. 6. 6-6 cms. 

7. 76°, 118°, 96°, 70°. 8. 3-« cms. 9. 3 ins. 

io. i-7: ns. 11. (10 cms. 12. 2-8 cms. 

13. 7-2 cms. 14. 0-74, 3-15 ins. 15. 2-1 cms. 

16. 1-5 ins. 17. 5-83 cms. 

Exercise 34. (Page 188.) 

1. 1-73 ins. 2. 6-2 cms. 3. 7-1 cms. 

4. 4-5 cms.; 17-6 sq. cms. 5. 1-39 ins. 

6. 3-03 ins. 7. 2 0 cms.; 19°1 sq. cms. 

8 . (i) 2-6 cms. ; (u) 2-1 cms. 9. (i) 2-2 cms. ; (ii) 1-6 cms. 

10. (i) 1-62 ins.; (ii) 1-78 ins. 1*. 0-92 inch. 

12. 0-88 inch. 13. 2-2 cms. 

Exercise 35. (Page 192.) 

3. 2, 3, 4 cms. 7. 31 cms. 8. 1*5 cms. 

Exercise 36. (Page 194.) 

4. (i) AB=680 yds., BC=1270 yds. ; (ii) 1670 yds. 

5. 4-6, 3-9 cms. 10. 6-9 ins. 11. 1-2 ins. 12. 2-05 ins. 

13. 2-7 ins. 14. 3-7 cms. IS. 1-7 ins. 

16. 1-5 cms. 17. 2-6 ins. 18. 2*2 ins. 

19. 13-4 cms. 20. 3-2 cms. 21. 6*5 cms. 

22. 3-7 cms. 23. 1-9, 2-3, 2-9 eras. 24. 2-2 cms. . 
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IX 


• Exercise 37. (Page 200.) 

1. BTA 22°. TBA 138", BCA 20", BAC 118°. 

2. ATS 1 35°, BAT 3,V, ABT 11(T, BAC 7.V, ABC 7<T. 

I A a a a a a' 

3. 10°, EDB 140 , BEF 90 . FBE 50°, BFE 40°, FBA W. 

4. d oo°. E -ur,.F 

Exercise 38. (Page 204,) 

2. 4-8 < nis 3. 7-7 tins* 

5. 4 5 cms 6. 7 75 cms , 5-29 ( u^> 

Exercise 39. (Page 208.) 

5. 2j, 37 ms, 6. 2, 5 ins 

13. AC CB 14. liisrc t tin- line 


1. 0-0 ( ms 
4. 4-8 cms. 


Exercise 40 (Page 212 ) 

1. (<i) Acute, (5) obtuse, U) light angled. 

2. (a) Obtuse, (b) right, (c) obtust, (d) obtuse-angled. 

3. 7-9, 7-5, 6-9, 01 mis, 4. 3-S, li-0, (Mhin.s 

5. 9*0 ctns 6. 4 5, •> 9, 5 9 • ms 

8. 23-3 cms. *25. 2 tins 


Exercise 41. (Page 217.) 

1. 30 sq cms., 12-7 cms 2. 3*. 3. 500 ms. 

5. 3-46 cms. 6.310 ms 7. 40-79 It. 8. H cm.s 

9. Equal. 11. 5 cms 12. 110 miles 13. 13-4 miles. 

14. (i) 29-4 ; (u) 32-H ; (in) 18 , (iv) 31-9 ; (v) 52-7 ; (vi) 73-1 miles. 

15. 30-9 miles. 


1. 3-3 cms. 
6. 2-1 ins. 

9. 3-2 ins. 
12. 2*5 cms.' 


Exercise 42. (Page 223.) 

2. 3*1 eras. 4. 7-3, 2-2 cms. 6. 3*3 cms. 

7. 1*7, 4-7 i ins. 1 8. 2 8 ins. 

10. 2 0 ins. ,■ 11. CD=89-4 ft. 

13. 3-6 cms. 14. 1*3 or 4-2 cms. 
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Enrdn 13. (Page 228.) 

1. (i).J = 0-8; (li) 5 = 0-33; (iii) ;=0-20: (iv) ^0-33. 

2 . (i) 50-32; (ii) 0-47 ; (ui) 0-00. 

3. A, 1-21 ins , 3-1 cms., 31 mms.; B. 1-88 ins., 4-75 cms., 47-5 mms. / 

A „ 


4. A, 0-20 sq. ms, 1-7 sq. cms ; B, 0-4 sq. ills., 2-6 sq. cms. ; 


0-65. 


(i) 2? ; (it) 5. (ui) 12. 

(i) 40 lbs. ; (u) 24 ozs ; (m) 5 cu, ft. 


... Cl 8 :i 0 

0 10 ° r 8 HI ■ 
2-81, 4 09 cms. 


(«) 


!l-9, 91 ms. 


10. (i) 21 \ ; (ii) 15. 


Exercise 44. (Page 232.) 

1. 1-2, 2 ins. 2. 1-04, 3-60 ins. 3. 2-3. 3-9 cms. 

4. 6-6, 10-9 cms. 5. 10-8, 10* 1 cms. 7. 3-5 cms. 

8. Internal, 1-3, 3-4 cms. ; ext. 31, 7-8 cms.; 2-33 : 1. 

9. 1-7, 2-5,*4-2 cms. 10. 0-53, 1-0, 2 07 ins. 

11. 0 07. 12. 7-5. ' 13. 5-33. 

14. 6-25. 15. 6*3 cms. 16. 2-5 cms. 


Exercise 45. (Page 235.) 

1. 2-9, l-l, 6-7, 2-7 cms.; G : 2. 3. 105, 2-1 cms., or 3 0, 4-6 cms. 

4. 1-8, 2-7 ins. or 1-2, 1-8 ins. 9. 9-4 cms. 

Exercise 46. (Page 238.) 

1. 2-6, 4-6 cms. 2. 6-2, 6*5 cms. 3. 100 ft. 

4. 10 ft * 5. 3-76 cms. 6 . H 6 cms. 

7. 20y 5 t = 20-5 yds. . 8 . 720 yds. 9. 9-5 cms^ 6-4 cms. 

10. 3*30, 7-03, 7-85 ft JT. 476s jq. ft.; 63 }=6-44 ft. 
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Exercise 47. (Page 247.) 

1. 2 8. 5-2 cms. 2. lti4". 3. 3'9 cms. 

4. 4-6, 5. 2-0. 

. Exercise 48. (Page 251.) 

1. 3*1 cms. %4. 2-7. 5, 4-2 cms. 6. 2*4 cms 

7. 1-1)5 ins. 8. 2-8, 3-4. 40 ins. 

9. 2-7, 4-7. 0-4 ins. 10. 2 0, 4-0. 6-4 cms. 

Exercise 49. (Page 256.) 

1. 90 sq. m. 2. 5 sq. m. 

3. 529: 1024 or 1 : 1-94. 4. 8-1 cms 

6. 5-7 cms. 6. 4-4 cms. 

7. 16:28; 1-8, 21 cms. ; 3:4. 8. 6-6, 4 0, 71 ctns. 

9. 1 : 16. 16. 2-3, 3-3 cms. 18. 0-61 ins. 

19. 1-81. 3-22 ms. 20. 3-4, 4-5, 3-7 cms. 
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